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Abstract—In this paper we discuss alignment distance for
measuring path deviation between curves. We compare prop-
erties of the alignment distance to both p-norms and the Haus-
dorff distanceto argue its superiority for use in path following
problems. While problems of nd ing an optimal parameteriza-
tion of a xed input curve to a tracking system are not new,
typical formulations focus on parameterizations that minimize
transversal time while respeding certain system constraints;
on-line gowernors can then be employed that choose a path
velocity in real time, trading off computational complexity and
time-optimality. By explicitly characterizing the error measure
implicit in path control problems, we revisit the off-line, open
loop parameterization problem to explore the inherit trade-
off s between command shape, command parameterization, and
system dynamics. The utility of the alignment distance as a tod
for elucidating these fundamental tradeoffs is demonstrated on
a smple PD-controlled mass ystem.

|. BACKGROUND

Path control problems differ from tradking problems in
that performance is measured with resped to the path,
or image set of a aurve, instead of a particular time-
parameterization o the aurve. Examples are common, in-
cluding diving a ca aong a winding road. Our primary
objedive isto stay onthe road, even when trying to navigate
it quickly. This objedive is manifest by our common sense
readion to slow down when condtions change, such as in
the presence of rain or ice we know that if we go slow
enough we can avoid exciting the undesirable dynamics
resulting from poa weaher. This ability to slow down,
or reparameterize the reference owmmand in time, offers
an extra degree of freedom in path control problems that
saqi ces travel time for better path following.

Navigation is not the only applicaion o path following
problems, however. Production, manufaduring, and assembly
processs are dl often amenable to a path foll owing formula-
tion sincethe quality of the resulting product can typicdly be
measured independent of the particular manufaduring sched-
ule or processng time [10]. For example, ahigh performance
verticd cavity surface enitting laser, a well-manufadured
ca, or a reliable laptop are quality products regardliess of
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how longit took to produce them. Furthermore, applicéions
in robdics and studies of human movement often consider
path following oljedives, andrelated problems are beginning
to emerge in areas as diverse & web services, drug design,
and aganizationa behavior.

The simplest approadh to solving path control problems
is to reduced them to tradking problems. A parameterizaion
of the inpu is chosen, posshbly for its smplicity, and the
system is designed to tradk the resulting trajedory. Three
approaches are common in the resulting tracking design. The

rst approach employs asymptotic tracing as a performance
objedive and appeds to regulator theory for a solution [2].
Internal models in the feedbadk system ensure that any
desired trgjecory from a sped ed class of trgjedories is
eventually tradked, even in the presence of model uncertainty.
This approach vields perfed path following after initia
transients die avay. As extensions to norlinea systems
emerged, inversion-based methods have offered lower com-
plexity alternatives to regulator designs by focusing onexad
output tradking instead of asymptotic convergence[9]. These
methods can yield grea path following for a particular
curve, even during transients. Nevertheless inversion-based
methods can also be very sensitive to model uncertainty,
sincethe system dynamics are esentially inverted to discover
the inpus necessary to yield the desired trajedory. The last
approach uses loop shaping to determine afeedbadk design
that tradks trajedories with frequency content in a range
where tradking performance, usually measured by the energy
or pek value of the aror, is snal [11]. This approach can
offer optimal trade-off s between robustnessand performance,
but small errors in performance can still yield large path
errors. Each of the three design approaches may yield poa
path following because they are solving a diff erent problem.

More recently, variations of the path following problem
have been proposed that explicitly leverage the aility to
reparameterize the inpu to improve performance. In robatics,
reseachers have typicdly considered the minimum time
necessry to transverse adesired path uncer torque or force
congtraints [4], [3], [7]. Off-line techniques pre-compute
an optimal parameterization d the command and then use
tracking designs to deliver good performance These methods
are typicdly computationaly intensive and can be sensitive

1468

Authorized licensed use limited to: Brigham Young University. Downloaded on September 16, 2009 at 22:26 from IEEE Xplore. Restrictions apply.



to modd uncertainty. On-line methods rst design atracing
controller to yield good mrformancefor anominal trajecory,
then an ouer-loop “velocity cortroller” or “path gowernor”
is employed to change parameterization in red time. These
closed-loop methods have the advantage of being resporsive
to model uncertainty, but the computational complexity of
making red-time cdculations can force sub-optimal perfor-
mance ompared to the off line gproaches. In either case,
however, the primary concern istypicdly reparametrizing the
command so that it i stime-optimal whil e satisfyinginpu and
state constraints.

Ancther approach to the path following problem has been
to conwert the existing trading controller to a path foll ower
[5]. This is acomplished by computing a function that
maps the aurrent system state to a command time, thereby
sowing commands as the adual path deviates from the
desired maneuver. This approach sheds light on hav the
dynamics of the tradking system can be eaily inherited by
a path following system. The objedive of this more general
framework isto slow down as nealed to guaranteetransverse
stability and hence ultimate convergenceto the desired path.

This gudy revisits the off- line, open-loop parameterizaion
problem to better understand the relationship between the
shape and parameterizaion o a command with the dynamics
of a path-following system. The next sedion detail s our mo-
tivation for revisiting this problem, and Sedion Il introduces
the dignment distance in contrast with alternative metrics.
Sedion IV then formulates our path following parameteri-
zaion problem, and Sedion V discusss the solution for a
simple example.

II. MOTIVATION

Our motivation isto better understand haw to charaderize
the relationship between the intrinsic qualiti es of a command,
its extrinsic qualities, and performance that is impased by
the dynamics of a given path foll owing system. The intrinsic
qualities of a command include its shape and arc length,
and they essentially capture the nation o complexty of a
given task. Extrinsic qualities include the parameterizaion
of the command and its embedding in the domain of the
path following system. These properties also contribute to
the inherit dif culty of a system in following the command,
esentialy entailing how the comnand is realized in time
and presented to the dynamic system. Finally, performance
is captured by the deviation o the system from the image
of the command, and in the total time neeled to transverse
the command within a sped ed error. This dud nation o
performance is important, as it highlights the fad that path
following systems inherently trade-off safety with speed, or
qudlity with throughpu.

Given a path following system, we would ultimately
like to charaderize mmmands a priori by their dif culty
with resped to that system. Such a dcharaderization would
be useful to path planning systems to help them discern
the eaiest command that accomplishes a desired misson.
For example, there may be many commands that deliver
comparable misson results, yet these commands may differ
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considerably in their dif culty. Thisisthe cae when multiple
laser designs yield products with comparable dharaderistics
(wavelength, output power, etc.), yet the manufacurability
of different designs may vary signi cantly. Likewise, when
an urmanned agial vehicle must avoid obstades to read its
destination, some paths may be eaier than others. Moreover,
knowing haw different systems perceve dif culty of a com-
mand can strondy impad the mordination process between
multiple systems.

A natural way to charaderize the dif culty of commands
would be to identify a command with the resulting per-
formance function e.g. acievable quality for a sped ed
transversal time. One could then adapt a number of mean-
ingful measures to the particular applicaion, such as the
maximal quality for a xed transversal time, or the minimal
transversal time for a xed quality, etc. Nevertheless such
notions hinge on a predse charaderizaion o qudity. In path
following problems, such a charaderizaion hes essntialy
been avoided by formulating performance & minimal time,
with the desired path taken as a wnstraint to be satis ed
exadly. In this work, the dignment distance is developed as
the natural quality metric for path following problems. To
make our nations predse, we aume that the dosed-loop
system, charaderized by the transfer function matrix H (s),
will asymptoticdly track steps, ensuringthat limg, o H(S) =
I, where | is the identity. Althoughmodel uncertainty could
disrupt these assumptions, is sems reassonable for many
applications to suggest that thereis aregion o “low enough
frequency where the system is well known and designed for
good ath following.

[11. ALIGNMENT DISTANCE

Consider two parameterized plane airves (s) =
f 1(s); 2(s)g:[0a]! R2and (s)=f 1(s); 2(8)g:
[0b]! R2 where[0 1] denotes the dosed unit interval,
and a and b are xed pasitive numbers. Let  refer to the
trace or image of the aurve (s); that is, the trace, , is
a set of paints in R?, while the curve, (s), is a function.
A common question that arises in many applicdions, and
path following in particular, is how to measure the distance
between the traces and

One gproad is to identify the aurve domains througha
monaonicdly increasing functionz ;[ 0a]! [0Db], and
then consider the metric

do( 5 )=k (5 (Z(9ko

wherek k, denotes the standard p-normfor functionsde ned
on the interval [ 0 a ]. A charaderistic of these metrics is
that they depend onthe parameterization s or the map z; the
distance between the same traces varies depending on hav
they are parameterized. (SeeFigure 1.) This property makes
them undesirable for path following problems.

Ancther approach is to consider a set-based metric like
the Hausdorff distance, given by

dy ( ; )Ymaxfsupinf kp ak;supinfkp gkg
p2 92 g2 P2
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Fig. 1. Anillustration o the dfed of reaystali zation onthe p-norms. &)
and aretwo curvesin R2. z(s) ischosen suchthat  (s) mapsto  (z(s))
as shown by the cnreding verticd lines. b) This plot is smilar to panel a)
with the exception that a diff erent parameterization, z((s) is chosen. c) The
quantity (s) (z(s)), used in the cdculation o the p-norms is shown.
d) This plot is gmilar to panel c) except that z((s) is used. Note that this
recaitalization would dramaticdly effed the resulting p-norms

where k k here is the Euclidean nam. This metric operates
on the traces diredly, as sts in R?, and thus has the
desirable property of being independent of parameterization.
Nevertheless unlike an arbitrary set, traces of curves are
one-dimensional objeds that can be ordered naturaly; the
failure of the Hausdorff distance to necessarily resped this
orderability property makes it undesirable for path foll owing
problems snce it can be amisdealing measure of how far
one aurve deviates from ancther. (SeeFigure 2.)

b) a

Fig. 2. An illustration o the inability of the Hausdorff distance to
acalrately re ed the tradking error between two peths. a) The test cese is a
circular path, , and anealy circular path . deviates from a drcle nea
the 12 dclock position, takes an excursion to nea the 6 o clock position,
and then returns. Fine red lines show instances of infqo  kp gk, that is,
the minimum distance to any pant on  for every point on . b) Thisis
amagn ed pation o panel @) nea the 12 dclock pasition. Fine red lines
show instances of infp2 kp gk, that is, the minimum distance to any
point on  for every point on . Note that neither side of the Hausdorff
distance produces a value that re eds the true excursion o from ina
path tradking sense: approximaely the diameter of

A metric that would be useful for path following problems
needs to na only be independent of parameterization, but
also preserve the orderability property intrinsic to the traces
of curves. It shoud capture anation o how far one arve
deviates from the other as they are eat transversed by some
parameterization. One posshility is the alignment distance
and gven by

d( ; )= infsupk (t) (z(t)k
z(t) t
where here k k is the Euclidean nam and z is a mono
tonicdly increasing function as de ned ealier. This metric
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describes the radius of the smallest tube centered on ore
curve and containing the other as it is continuowsly trans-
versed from beginning to end.

The dignment distance was originally proposed by Mau-
rice Frechet [6]. Later, it was shown that for two pdygoral
curves with m and n points respedively, the dignment
distance can be computed in O(mnlog(mn)) time [1].
Receantly, an O(mn log(mn)) time dgorithm has been found
to compute the dignment distance between two piecavise
smocth curves having n well-behaved pieces [8]. This paper
introduces the use of the Frechet metric to formulate the path
following reparameterizaion problem.

IV. REPARAMETERIZATION PROBLEM

Equipped with the dignment norm, the path following
reparameterizaion problem can be posed in aternate forms.
The rst form resembles the problem that has been most
studied in the literature, as it emphasizes a minimum time
transversal of the command with path error presented as
a onstraint. This problem differs from the more common
formulation, however, in that the path is not expeded to be
followed exadly, but may exhibit an error  as measured by
the dignment norm.

Problem 1: Minimum-Time Fixed-Error Given a square
MIMO system, H, with ninpus and ouputs, a xed error
tolerance > 0, and aredi able arve u(s) : R! R" of
length S and arc length parameter s, ndt(s) : R! R such
that

inft(s) t(S)
subjectto:
d(u(t); Hu(t))
>0
t0) =0

Let us cdl this prodlem M TFE( ).

Thisproblem ndsareparameterizaion o the command u
that minimizes transversal time while keeping the dignment
distance between the commanded inpu and the ad¢ual output
less than a xed number . Note that the constraint on
dt=ds being pasitive ssimply keeps the path parameter from
reversing dredion a stopping along the aurve. A variation
of the problem is to minimize the path error while keeuing
the transversal time xed. This problem becmmes:

Problem 2: Minimum-Error Fixed-Time Given a sguare
MIMO system, H, with n inpus and ouputs, a xed time
T > 0,andaredi able awrve u(s) : R! R" of length S
and arc length parameter s, ndt(s) : R! R such that

infy(s) d(u(t); Hu(t))
subjectto:
t((s) T
250
t(0)=0

Let us cdl this prolem MEFT(T). ldedly, one woud
like the parameterization t that simultaneously minimizes
bath of these problems. One can redizethis parameterizaion
by iteratively solving the problems, where the optimal time
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given an error from Problem 1 is substituted in the constraint
in Problem 2 to yield a new optimal error for Problem 1,
etc. This parameterization is important becaise it reveds the
desired tradeoff between shape and performance for a given
path foll owing system and suggests that the problems are in
some senses, equivalent.

Finaly, note that these problems consider the in mization
of two distinct parameterizations, t and z (z is under-
stood in the de nition o the dignment distance). Since
the concaenation o two proper reparameterizaions is itself
just ancther reparameterization, one may wonder whether
formulations considering bah are necessary. It turns out that,
in fad, they are both criticd to the problem. The function
t reparameterizes the inpu command u, and hence danges
the shape of the output curve Hu. The function z, on the
other hand, does nat affed the shape of either curve, but is
used to reparameterize one of the aurves after they have been
generated in order to cgpture the dignment distance between
them.

V. SECOND ORDER EXAMPLE

To illustrate how the path following reparameterizaion
problem is affeded by use of the dignment norm, we seled
a dynamic system and construct an example. The system is

iven by:.

- T T 32 3
Vy o ~ 0 0 Vy
frf-§ 2 o o 9ifxi
Vy N 0 0 bk vy
y 0 g 1 0 y

k o 72 3
0 017, %
+ 0 Lé4uy5 (1)
m
0O O

This is a seondorder system, a representation o an
isotropic mass-spring-damper system constrained to move in
aplane. k isthe spring constant, b is the damping coef cient,
and m is the massof the system. This system differs dightly
from a PD-controlled massin that the damper is to ground
rather than to the commanded pasition.

Now, consider a aurve (s), where s is the ac length
parameterization. For the second-order system we seleded,
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This yields the following second-order differential equa-
tions of motion:

@ (@5 (@ X g? +
@@ @ @
b X k
R A RCOR ®
@@, 8, &°,
6@ @& @
b k k
R R CORESTC
Solving for for the x and y comporents of u(s(t)):
_ m@yds,
() = 1(s0)+ g gt
mé@x @ °, b @
kK @ @ ‘e e (19
@
Uy(SO) = () + V@ZZ+
md, @°, 0,6
k@ @ k@@ (1D

Fixing s(t) for the moment, consider the 1 -norm of the
error:

sup ku(s(t)  (s(t)KZ = (12)
2
U (S(1)) NCO N
su = 13
1P () N0
I2
2
wo REGEIe & %6
h i)
FREE T & e W

Now consider the “aignment norm”, that is, alow for

reparameterizaion o

we can determine the input necessary to generate (s(t) Sltipiﬂf) ku(s(t))  (z(t)k5 =
for any proper reparameterizaion (i.e. §$ > 0) of s(t) by .
substitution: For  (s(t)) = f x(s(t)); St(s(t))g, sup |nf ([ x(s(t)  x(z(t)]+
X(t) «(s(0) @ m @ @,md . & °,
y(t) y(s(1) ®) Kea@ k& o
Vi () @.c @) b@,@ °*
g k X
vy (t) 3 @ 5 ([ y(s(t)  y(z)]+
@, @ @ ° EQ@ mé, @°*
Vx (1) e@ @ a ©®) k@@ k& @
0,685,868, @° b@,@
vy (t) ca @ a @ ke a (19
1471
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Expanding ku(s(t)) (z(t))k3 and regroupng terms,
several observations allow simpli caion. In particular, note
that since s is the ac length parameter, we have

@, @ °_
& + & =1 (16)
2 2
%zx + @ézy - 2 (17)
where isthe aurvature of the path, and
@ X @ X @ y @ X
@ @ @ @
h . & i @,
= 2>< 2)’ y (18)
@ @ &
= nt (29

where n and f' are the unit normal and tangent vedors,
respedively. Since they are orthogoral, A = 0, we nd
@x@x , @,0@«
@ @ & @
As a result, after some manipulations the agument of
Equation 15simpli es to three main terms:

=0 (20)

ku(s(t))  (z(t)ks=A+ B+ C (22
where
m @& 22 m@s b@ 23
A:42?@ +?@+E@5 (22
B=[( x(s(t)  «(z(t)?*+
(y(s®)  y(zm)2 (23
C=2[ «x(s(t))  x(z(1)] |
me.d , md. @ ° |
k @ @ k @ @
be. @ |
k @ @
2l y(s(t)  y(z()] |
me,@ , mé, @ ° |
k @ @ k & @

It is interesting to nde that in the cae of z(s(t)) = s(tg,
terms B and C both become zeo, and A = (u(t) )°.
This is smply the distance between u(s(t)) and (s(t))
withou considering alignment. Given ou system, this can
be veri ed by looking at the forces that ad on the massand
solving for F = ma. Tangential and radial diredions can
be considered decouped due to the isotropic nature of our
system. First in the tangentia diredion:
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Foo= Kus)  (s0) b o
- & (29

b
) uesm) ) = 19008 o

where k is the spring constant, b is the damping coef-

cient,and m is the mass of the system. Both the spring
stiffness and the damping exert forces in the tangential
diredion, resulting in a given tangentia acceeration. Then
in the radial diredion:

Fro= ku(s) ()
. @
- 2 @7
2
W) ) = § e @9

where (s) isthe aurvature & a given pant a distance s
along the path. It is then straightforward to show that:

(u(st))  (s(v)?
= [ue(s(t)) (st +
[ur(s(t) ()]
= A (29

Let the quantity u; (s(t)) t1(s(t)), the distance between
the commanded pant and the adua point at a given time, t,
be cdled the “tradkking error”. The tradking error has a dea
physicd interpretation, but, as was previously discussed, it
does nat necessrily re ed the quality of the path following
performance The following example will ill ustrate this.

Figures 3 and 4 povide a simple example highlighting
the differences between the tracking error (generated when
employing p-norms as a metric for path error), the “neaest-
point distance” (generated when employing the Hausdorff
distance @ a metric for path error), and the dignment dis-
tance In particular, we solve Problem 2 for an dlli pticd input
using eadt of these eror measures in the objedive function.
We then command ead of the resulting reparameterized
inpus and olserve the system resporse.

The choice of distance measure strondy affeds which
parameterizations are judged to be good performers and
which are not. Attempting to minimize one distance metric
can result in very poa performance in others. As shown in
Figure 4 reparameterizing the input to minimize ap-norm
results in poa path following performance The neaest-
point distance results in far better tracking performance, yet
it fails to capture the most criticd piece of information:
the worst case deviation from the commanded peth. In this
simple example, the dignment distance occurs in nealy the
same locaion as the maximum of the nearest-point distance,
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Point-to-point
distgnce

Nearest-point
distance

Alignment
distance

units

distance
[EEY

0 pi 2pi 3pi
angle (rad)

Fig. 3. @) The badd elli pse is a path commanded to a semnd-order tradking
system. The ac¢ual path followed by the tracking system is shown by the
smdler, solid ellipsee. = 0 a x = 4;y = 0. Pe&s in curvature of
the commanded ellipse occur a n . In this case, the bad ellipse was
commanded with the path length parameterization, that is, with constant
velocity along the path. Three different distances between the dlipses
are represented. The rst two, point-to-point distance and reaest-point
distance, are de ned for every point on the adua path. The 1 -norm and
the one-sided Hausdorff distance ae the maximum of these two distances,
respedively. The third measure, aignment distance, is only de ned at the
one paint nea ead panted end o the dli pses as shown by the bold dashed
line (see the Alignment Distance sedion for a full de nition). If u(t) is
the position commanded at timet and (t) is the output of the system
a the time commanded, then ku(t) (t)k is the paint-to-paint distance
a time t. Severa instances of u(t) (t) are shown by light dashed
lines in the gure. For every paint on the adual curve |, the distance to
the neaest point on the commanded curve is the neaest-point distance
Several points on  are shown conreded to their correspondng reaest
paints on u with dated lines. Note that the neaest-point distance does
not capture the dignment distance There is no pant on  which has
the far point on u as its neaest point. b) The three distances are shown
as a function o . They produce markedly differing petterns. The point-
to-paint distance (light dashed line) is at a maximum on the lesscurved
portion o the dlipse and at a minimum nea the sharply-curved ends of the
dlipse. The neaest point distance (dotted line) displays exadly the oppasite
pattern: it is at a maximum at the dlipse's “points’ and at a minimum
on the dlipse's “straightaways’. Similarly, the dignment distance (bold
dashed line), which is a supremum, occurs at the dlipse points as well.
If reducing spedl is a means of increasing peth following performance and
deaeasing dstance between the commanded and adual path, then these
different distance measures suggest different speed pro les aroundthe path,
that is, reparameterizaions. The point-to-point distance suggests dowing
down on the straightaways and speeding up throughthe hairpin turns. The
neaest-point distance and the dignment distance suggest the oppdsite.

however, it is ed cdly designed to capture the worst case
deviation from the commanded path and thus gives the most
informative measure of tracking performance
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