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Abstract— This paper considers how much one must know,

a priori, about a particular state space system to recover it

from its transfer function. Knowing that one has access to

full state measurements is clearly sufficient to uniquely specify

a specific state space model from a given transfer function,

but identifying what information is necessary for such state

reconstruction is not as obvious. This work provides an exact,

necessary and sufficient condition for state reconstruction,

demonstrating that a priori knowledge equivalent to full state

measurements is essentially necessary to recover the particular

state representation generating a given transfer function. The

information cost for state reconstruction is thus seen to be

quite expensive for most large scale applications, motivating

the need for alternative system representations that are not

as structurally detailed as state space models and can be

reconstructed from input-output information more easily.

I. INTRODUCTION

The utility of measured data for identifying a model of
the underlying system generating the data depends on other
information known, or assumptions made, about the system.
Learning problems of all types, including system identifica-
tion, associate available data with a model class and a scoring
function to formulate a problem of selecting a model from
the class with the best score. In this case the model class and
scoring function embody a priori information or assumptions
made about the system, and the utility of the available data is
apparent only in the sense that the resulting learning problem
can be effectively solved.

The goal of the problem of state reconstruction is to
identify the internal structure of a system, represented by
a set of state space matrices. So given the input–output
behavior in the form of a transfer function, how much a priori
knowledge of the system structure is necessary to recover
the whole system. This will be made more precise in the
following sections. It is related to problems discussed in [1].

The related problem of system identification takes input-
output data and, if it is rich enough, produces a transfer
function. This problem is thoroughly reviewed by Lennart
and Ljung in [2]. The problem of state realization, that is,
given a transfer function find a state-space model consistent
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with that input-output behavior, has been studied extensively
[3]–[5]. A thorough overview of the state realization problem
for minimal systems is provided in [6].

The problem of structural identifiability, which is the
ability to identify the internal structure of a system given that
you know some of the underlying structure of the system,
is closely related to the problem of state reconstruction.
Bellman and Astrom introduce and formulate this problem in
[7]. They also present the necessary and sufficient conditions
for several classes of systems; including single–input single–
output single–state, diagonal dynamics matrix, observable
canonical form, and full–state measurement (C = I). In
[8], Glover and Willems provide necessary and sufficient
conditions for local identifiability. They also provide a suf-
ficient condition for global identifiability but fail to provide
necessary conditions. The structure of linear systems has also
been considered more recently in [9], [10].

The expansion of research in the field of systems biology
[11] recently has begun to highlight the importance of the
identifiability results as shown in [12]–[14]. These papers try
to reconstruct the structure of biochemical reaction networks,
pancreatic cancer, and metabolic networks. Other relevant
biology reconstruction work is done in [15], [16].

This work is an extension of the work in [17] and much
of it is presented in the Master’s Thesis [18]. The paper
is organized as follows. First in Section II we give some
necessary background, discuss the difference between state
realization and state reconstruction, and present a motivating
example. In Section III we formulate the problem of state
reconstruction. In Section IV we give the solution to the
state reconstruction problem in several theorems and apply
the result to several examples.

A. Notation

The following is some notation we will use throughout
this work. In is the n ⇥ n identity matrix. For a matrix
A 2 Rn⇥n: A

T is its transpose, A

�1 is its inverse, and
A

† is its Moore-Penrose psuedoinverse. A(1 : k, :) indicates
that A is truncated to include only the first k rows and all
the columns of A. Similarly, the first k columns of A are
denoted by A(:, 1 : k). Given a linear transformation A, the
four fundamental subspaces are the range or column space
R(A) = { x | Ax = b}, the nullspace N(A) = { x | Ax =
0}, the row space R(AT ) = { b | AT

b = x}, and the left
nullspace N(AT ) = { b | AT

b = 0} of the operator A. The
function vec(·) stacks the columns of the argument into a
vector. A⌦B is the Kronecker product of A and B. A�B

is the Kronecker sum of A and B, defined by A⌦I+I⌦B.
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II. STATE RECONSTRUCTION VERSUS STATE
REALIZATION

We will first give some background and then discuss
the difference between the well–known problem of state
realization and the problem of state reconstruction.

A. Background

In this work, we focus on linear time invariant systems
described by a state space model in the following form:

ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t) +Du(t),

(1)

where x(t) 2 Rn is a vector of the states of the system,
u(t) 2 Rm is the vector of inputs, y(t) 2 Rp is the vector of
outputs, and ẋ(t) indicates the time derivative of x(t). We
assume that (A,C) is observable and (A,B) is controllable,
and therefore that the given state space model is minimal
[19]. A system’s transfer function is given by:

G(s) = C(sI �A)�1
B +D. (2)

In this expression s is the Laplace variable, and G(s) is a
p ⇥ m matrix of rational functions in s. We say the state
space model (A,B,C,D) is a realization of G(s).

There is a one-to-many relationship between a transfer
function and minimal state space realizations because many
state space realizations can produce the same input-output
behavior, which is captured by the transfer function. In par-
ticular, there are many other minimal state space realizations
besides that in Equation (1), characterized, for example, by
(Â, B̂, Ĉ, D̂), that yield the same transfer function, i.e. such
that G(s) = C(sI � A)�1

B + D = Ĉ(sI � Â)�1
B̂ + D̂.

These state space realizations are related to system (1) by
an invertible state transformation, X , where

Â = XAX

�1
, B̂ = XB, Ĉ = CX

�1
, and D̂ = D. (3)

B. Realization Versus Reconstruction

The problem of state realization is usually posed as: given
a transfer function, G(s), find any state-space realization
of the system. Different state realization algorithms give
different realizations. In contrast, the goal of state recon-
struction is to identify the internal structure of a system,
that is, a particular (A,B,C,D), given its transfer func-
tion G(s). More precisely, suppose a state-space system,
(A,B,C,D), is fixed and its transfer function, G(s), is
given. From G(s) you can obtain an arbitrary realization,
(Â, B̂, Ĉ, D̂) using any state realization algorithm, but from
G(s) alone one cannot tell whether (Â, B̂, Ĉ, D̂) is the given
system, (A,B,C,D), that generated G(s). The question
then becomes, what elements of (A,B,C,D), if known a
priori, allow the whole system structure, (A,B,C,D), to be
recovered from G(s).

This work precisely characterizes the information about
(A,B,C,D) that must be known, a priori, to recover it from
G(s), distinct from any of the other minimal realizations of
G(s). We make the assumption that the “true” structure of
the system is given by the system matrices (A,B,C,D).

Fig. 1: A two compartment drug administration model: The
first compartment is blood stream and the second the tissue.

While for some systems this may not make sense, i.e. the
“true” realization may not be minimal or the idea of a “true”
realization may be nonsensical, we argue that for many
systems it does make sense.

C. Motivating Example
One application where state reconstruction plays a role is

pharmacokinetics, the study of how a drug spreads through
the body after it is administered. Compartment models are
natural for the modeling of many parts of the human body.

Example 1. [19] The system that is represented here is the
human body. Each part of the body that is important to drug
flow through the body can be modeled as a compartment.
Each is separated by a membrane and connected by blood
circulation. The effect of a drug, e, can be modeled by a
simple nonlinear relationship

e =
c0

c0 + c

e

max

, (4)

where c is the concentration of the drug.
This can be generalized to two compartment model

V1
dc

dt

= q(c2 � c1)� q0c1 + u, c1 � 0,
V2

dc

dt

= q(c2 � c1), c2 � 0,
y = c1,

(5)

where Vi is volume and qi outflow rate. Dividing by the
volumes, the linear system becomes,

dx

dt

=


�k0 � k1 k1

k2 �k2

�
x +


b0
0

�
u

y =
⇥
1 0

⇤
x,

(6)

where k0 = q0/V1, k1 = q/V1, k2 = q/V2, b0 = c0/V1, and
each state represents the concentration of the drug in each
compartment, the first state being the blood stream where
the measurement is taken and the second is the tissue. The
structure of this system is shown in Figure 1.

Note for this example that how the system is connected
together has a specific meaning. The state space matrices are
linked to the physical system, encoding how the drug con-
centration in different compartments of the body affect each
other (states), what compartments are measured (outputs),
and what compartments are affected by a drug (inputs). For
more motivating examples please see Section 1.1.1 of [18].

III. PROBLEM FORMULATION

For the state reconstruction problem we focus on a specific
type of parametrization that enables us to fix the known
elements of (A,B,C,D). We give several useful definitions:

876



Definition 1. [8] A general parametrization of the system
defined by Equation (1) is a continuously differentiable
function P (↵) : ⌦ ⇢ Rq ! RN , where q is the number
of unknown parameters, N = n(n+m+ p)+mp, and ⌦ is
a set of admissible values of the parameters.

Definition 2. The identity parametrization I(✓) : RN !
RN , where N = n(n+m+ p)+mp, maps ✓ to itself where
✓ is a vectorization of the system matrices,
✓ =

⇥
vec(A)T vec(B)T vec(C)T vec(D)T

⇤T
, so that

the parameters in ✓ are exactly the elements of the system
matrices, stacked appropriately.

Definition 3. Let f : X ! Y be a mapping from a set X to
a set Y . If F is a subset of X , then the restriction of f to
F is the function

f |F : F ! Y, (7)

meaning f |F (x) = f(x) 8x 2 F ⇢ X .

Definition 4. Consider f : X ! Y for some linear
vector spaces X and Y , and let B = {b1, b2, ..., br, ...}
be a basis of X with indicator function ⇥R. Let R =
span{b1, b2, ..., br} ⇢ X and F = X/R. Then, for some
✓

⇤
R 2 R ⇢ X , the restriction of f given by

f |{✓⇤
R+F} : {✓⇤R + F} ! Y (8)

is called affine, and we write f |✓⇤
R
(✓F ), where ✓F 2 F , to

mean f |{✓⇤
R+F}. Moreover, the basis elements {b1, b2, ..., br}

are called restricted, while the rest are called free.

⇥R is a binary vector that indicates which coordinates of X
are restricted. ✓⇤R is a vector in X with specific values for
the restricted coordinates and zeros in the positions of the
free coordinates. In this way, ✓

⇤
R encodes the information

about (A,B,C,D), that is known a priori. Likewise, ✓F is
a vector in X with specific values for the free coordinates
and zeros in the positions of the restricted coordinates.

Example 2. Consider the system characterized by the state
equations

ẋ = ax+ bu

y = cx.

The identity parametrization takes a vector in R3 and asso-
ciates a particular system with it, so ✓ = [�1 1 2]T becomes

ẋ = �x+ u

y = 2x.

The restriction of the identity given by I|[�3 0 5]T (✓F ), with
⇥R = [1 0 1]T , generates the class of systems parameterized
by ✓F = [0 b 0]T (or, equivalently, ✓F = b) as

ẋ = �3x+ bu

y = 5x.

Definition 5. Consider a system (A,B,C,D) given by
Equation (1), and let
✓

⇤ =
⇥
vec(A)T vec(B)T vec(C)T vec(D)T

⇤T
. An

affine restriction of the identity parametrization, I|✓⇤
R

, with
arguments characterized by F , is consistent with ✓

⇤ (or
(A,B,C,D)) if there exists some ✓F 2 F such that ✓⇤ =
✓

⇤
R + ✓F . In other words, I|✓⇤

R
is consistent with ✓

⇤ if

✓

⇤ 2 R(I|✓⇤
R
), the range of the parametrization I|✓⇤

R
.

Thus, a restriction of the identity is consistent with a par-
ticular system if the restricted parameters and the associated
values in the system’s state representation are equal.

Lemma 1. If I|✓⇤
R

is consistent with two unequal realizations
with the same transfer function G(s) then I|✓⇤

R
is not

globally identifiable from G(s).

Proof. Assume I|✓⇤
R

is consistent with ✓1 and ✓2, ✓1 6= ✓2,
with the same transfer function G(s). This means there
exist ✓F1 , ✓F2 2 F , ✓F1 6= ✓F2 , where ✓1 = I|✓⇤

R
(✓F1)

and ✓2 = I|✓⇤
R
(✓F2), such that G(s) = C(✓F1)(sI �

A(✓F1))
�1

B(✓F1) = C(✓F2)(sI � A(✓F2))
�1

B(✓F2). But
since ✓1 6= ✓2, then by definition I|✓⇤

R
is not globally

identifiable from G(s).

Problem 1. Consider a system (A,B,C,D) as in Equation
(1), with (A,B) controllable and (A,C) observable, and
suppose G(s) = C(sI�A)�1

B+D is given. Find an affine
restriction of the identity parametrization, I|✓⇤

R
, consistent

with (A,B,C,D), that is globally identifiable from G(s).

Note that the identity parametrization is not globally identifi-
able from G(s) by Lemma 1, since every G(s) has multiple
realizations and I(✓) is consistent with all of them. Finding a
consistent affine restriction that is globally identifiable means
identifying ✓

⇤
R, or elements of (A,B,C,D), that, if known,

enable unique recovery of (A,B,C,D) from G(s).

IV. MAIN RESULT

The key idea for the solution to Problem 1 is the fact, that
for a minimal system, every possible vector of parameters
in the domain of a restriction of the parametrization, I|✓⇤

R
,

maps to a system that can be related to any other realization
of G(s) by a non-singular state transformation X .

A. Solution to Problem 1

Definition 6. A restriction of the identity parametrization,
I|✓⇤

R
, and a realization, (Â, B̂, Ĉ, D̂), are compatible if there

exists a ✓ = I|✓⇤
R
(✓F ) 2 R(I|✓⇤

R
) (i.e. I|✓⇤

R
consistent

with ✓) such that Ĉ(sI � Â)�1
B̂ + D̂ = C(✓F )(sI �

A(✓F ))�1
B(✓F ) +D(✓F ).

Definition 5 explains that a particular state space model,
(A,B,C,D), is consistent with a given restriction of
the identity parametrization, I|✓⇤

R
, if the elements of

(A,B,C,D) corresponding to the restricted elements in the
indicator function ⇥R are set to the values in ✓

⇤
R. That is to

say, choosing ✓F to be the values of the non-restricted ele-
ments of (A,B,C,D) will yield I|✓⇤

R
(✓F ) = (A,B,C,D).

Definition 6 explains that a particular state space model
only needs to share a transfer function with another state
space model that is consistent with I|✓⇤

R
to be compatible

with it. Thus, the restricted elements of (A,B,C,D) do not
need to be equal to ✓

⇤
R, but there must be a transformation

of the system that does have restricted elements equal to
✓

⇤
R. So every realization that I|✓⇤

R
is consistent with, is

also compatible with I|✓⇤
R

via the identity transformation.
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However there can be many realizations that are compatible
with I|✓⇤

R
but that are not consistent with I|✓⇤

R
.

Given I|✓⇤
R

and a realization (Â, B̂, Ĉ, D̂) that are com-
patible implies there exists a state transformation, X , that
satisfies (3). Therefore, by vectorization, where x = vec(X),

2

4
A

T ��Â

B

T ⌦ In

In ⌦ Ĉ

3

5
x =

2

4
0

vec(B̂)
vec(C)

3

5

A x = b,

(9)

where we delete rows of A that contain an unknown due
to the elements in ✓

⇤
R denoted by the zeros in the indicator

function ⇥R. Another sufficient condition, similar to Equa-
tion (9), with X

�1 = X̄ where x̄ = vec(X̄), is
2

4
Â

T ��A

B̂

T ⌦ In

In ⌦ C

3

5
x̄ =

2

4
0

vec(B)
vec(Ĉ)

3

5

Ā x̄ = b̄,

(10)

again, deleting the rows of Ā that contain an unknown due
to the elements in ✓

⇤
R denoted by the zeros in the indicator

function ⇥R. Equations (9) and (10) are sufficient but are not
necessary conditions for state reconstruction. The following
example does not have full column rank for either equation
but still can be solved when the two are combined.

Example 3. Consider the system

ẋ(t) =


�3 2
1 0

�
x(t) +


1
0

�
u(t)

y(t) =
⇥
1 0

⇤
x(t)

(11)

and the state transformation

X =


1 2
1 1

�
. (12)

If we assume a11, a12, a21, b2, and c1 are the fixed
parameters then they define the restriction of the identity
parameterization. Following Equations (9) and (10) gives

"
�6 4 1 0
�4 3 0 1
�1 2 0 0

#
x =

"
0
0
1

#
(13)

and "
6 �2 4 0
�4 0 �3 �2
0 1 0 1

#
x̄ =

"
0
0
0

#
. (14)

Clearly neither are full column rank. If we choose to ignore
this and try to use X

?, where vec(X?) = x

? = A†
b,

clearly it satisfies Equation (13). However, it does not satisfy
Equation (14). So ignoring this and using X

?, yields the
system

ẋ(t) =


�3 2
1 0

�
x(t) +


2.26
2.46

�
u(t)

y(t) =
⇥
1 �0.51

⇤
x(t).

(15)

This realization is close to the original however it is not
consistent with the restriction of the identity parameterization
because b2 6= 0. Therefore this system is not in R(I|✓⇤

R
).

Since b̄ = 0, x̄

? = 0. Due to the inverse relationship

between X and X̄ , there exist w and w̄ such that

X

? + wXn = (w̄X̄n)�1

[ 0.4894 �0.0426
0.7447 �0.2766 ] + w[ 0.2063 0.8251

0.1031 0.5157 ] =
�
w̄[ 0.3780 �0.7559

�0.3780 0.3780 ]
��1

.

This is easily solvable and gives w = 2.4754 and w̄ =
�2.6458, which yields X from Equation (12), giving the
original system in (11).

We can generalize the idea from Example 3. Due to
the inverse relationship between X and X̄ , there exist
{w1, . . . , wk, w̄1, . . . , w̄l} such that

(X?+w1Xn1+· · ·+wkXnk) = (X̄?+w̄1X̄n1+· · ·+w̄lX̄nl)
�1
,

(16)
where x

? = A†
b, x̄? = Ā†

b̄, N(A) = span{xn1 , . . . , xnk},
and N(Ā) = span{x̄n1 , . . . , x̄nl}. For a graphical expla-
nation of the relationship between Equations (9), (10), and
(16), please see Figure 5.2 in [18].

Theorem 1. [18] 1) Given a proper transfer function, G(s),
with two minimal realizations, S = (A,B,C,D) and Ŝ =
(Â, B̂, Ĉ, D̂), each as in Equation (1).

2) Suppose part of S is known, specified by the entries of
✓

⇤
R 2 RN and the indicator function ⇥R, characterizing the

affine restriction of the identity parametrization I|✓⇤
R

.
3) Suppose all of Ŝ is known and I|✓⇤

R
and Ŝ are compat-

ible, thereby specifying A, b, Ā, b̄, X

⇤
, Xni , X̄

⇤
, X̄nj ,

i = 1, ..., k, j = 1, ..., l according to Equations (9), (10),
and (16).

Then I|✓⇤
R

is globally identifiable from G(s) if and only
if Equation (16) has a unique solution.

Proof. Since I|✓⇤
R

is consistent with S, and compatible with
Ŝ there is at least one solution to (16).

()) We prove this by contraposition. The negation of
the statement, “Equation (16) has a unique solution,” is,
“Equation (16) has no solution or it has multiple solutions.”
However, since there is at least one solution to (16), we
assume (16) has two solutions, {w1, . . . , wk, w̄1, . . . , w̄l} 6=
{v1, . . . , vk, v̄1, . . . , v̄l}. Since the set {xn1 , . . . , xnk} is
linearly independent by construction, there exist X1, X2,
where X1 = X

? + w1Xn1 + · · · + wkXnk 6= X2 =
X

? + v1Xn1 + · · ·+ vkXnk . This implies that I|✓⇤
R

is con-
sistent with two non-equal realizations, (A1, B1, C1, D1) 6=
(A2, B2, C2, D2), where A1 = X

�1
1 ÂX1 and A2 =

X

�1
2 ÂX2 and G(s) = C(sI � A))�1

B + D = C1(sI �
A1)�1

B1 + D1 = C2(sI � A2)�1
B2 + D2. Therefore, by

Lemma 1, I|✓⇤
R

is not globally identifiable from G(s).
(() Assume (16) has a unique solution {w1, . . . , wk,

w̄1, . . . , w̄l}. This implies there is a unique matrix X =
X

? +w1Xn1 + · · ·+wkXnk , with X

�1 well defined, such
that X satisfies Equation (9) and X

�1 satisfies Equation (10).
The fact that X is invertible implies that X is a valid state
transformation from Ŝ to another system S̃, that is

Ã = X

�1
ÂX, B̃ = X

�1
B̂, C̃ = ĈT, and D̃ = D̂.

Moreover, since vec(X) satisfies Equation (9) and vec(X�1)
satisfies Equation (10), S̃ 2 R(I|✓⇤

R
), that is to say, the
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entries of (Ã, B̃, C̃, D̃) that correspond to the fixed elements
of ✓⇤R equal these values in ✓

⇤
R (and thus also equal the values

of the corresponding elements in (A,B,C,D)).
Now we need to show that no other solution X to Equation

(9) (or, likewise, no other solution X

�1 to Equation (10))
yields a system in the range of I|✓⇤

R
.

1) Consider solutions to Equation (9) (or Equation (10))
that do not correspond to invertible matrices; these solutions
do not correspond to valid state transformations and thus do
not generate systems in the range of I|✓⇤

R
.

2) Consider solutions to Equation (9) (or Equation (10))
that are invertible and thus correspond to valid state trans-
formations. Although these solutions satisfy Equation (9)
(or Equation (10)), their inverses do not satisfy Equation
(10) (or Equation (9)) since the solution to Equation (16)
is unique. Therefore, the realizations that result from these
state transformation are not in the range of I|✓⇤

R
, similar to

what was illustrated by Equation (15) in Example 3.
So there is only one realization S̃ = S 2 R(I|✓⇤

R
).

Therefore I|✓⇤
R

is globally identifiable from G(s).

1) Theorem 1 Applied to Example 1: Plugging numbers
in for the constants, the system becomes

dx

dt

=


.1382 �.2027
.2005 �.2005

�
x +


1
0

�
u

y =
⇥
1 0

⇤
x,

Assume an arbitrary realization was obtained from input-
output data and system identification and realization,

dx

dt

=


.3387 �.7419
.2005 �.4010

�
x +


1
0

�
u

y =
⇥
1 �1

⇤
x,

First Parametrization) First, assume C = [1 0] is known,
which is a fair assumption because drug concentration in the
blood stream is being measured directly and experimenters
should know this. This defines the restriction of the identity
I|C=[1 0]. Using this parametrization, Equations (9) and (10)
can be built, giving k = l = 2 and Equation (16),
⇥
.5 0
-.5 0

⇤
+w1

⇥
-.5 .5
-.5 .5

⇤
+w2

⇥
.5 .5
.5 .5

⇤
=

�⇥
1 -1
0 0

⇤
+ w̄1

⇥
0 0
-1 0

⇤
+ w̄2

⇥
0 0
0 1

⇤��1

,
(17)

which does not have a unique solution. Consider
(w1, w2, w̄1, w̄2) = (1, 1,�.5, .5) and (w1, w2, w̄1, w̄2) =
(.5, 1.5, 0, 1). Both are solutions to Equation (17) and there-
fore consistent with I|C=[1 0]. So I|C=[1 0] is not globally
identifiable from G(s).

Second Parametrization) Now if we assume C = [1 0]
and the first column of A, A(:, 1) = [.1382 .2005]T , are
known, that defines ✓

?
R = [.1382 .2005 0 0 0 0 1 0]T with

⇥R = [1 1 0 0 0 0 1 1]T . This gives the parametrization
I|✓⇤

R
, which can be used to construct Equations (9) and (10),

which show that k = 0 and l = 2. So by Theorem 1, I|✓⇤
R

is globally identifiable from G(s) and the transformation is

X =
h
1 1
0 1

i
.

Note that this parametrization made the least reasonable
assumption (knowing exact values of the A matrix), had n

2

known elements, and was the only one that was able to recon-
struct. This implies a very high cost for state reconstruction.

B. Information Cost

The next natural question is when does Equation (16) have
a unique solution. If both A and Ā have nontrivial nullspaces
then Equation (16) can be manipulated as follows,

(X?+w1Xn1+· · ·+wkXnk)(X̄
?+w̄1X̄n1+· · ·+w̄lX̄nl) = I.

By bringing the X

?
X̄

? term to the right hand side, vector-
izing the matrices, and pulling out the unknowns we get
2

4
(x

n1 x̄
?)11 · · · (xnk x̄nl)11

... · · ·
...

(x
n1 x̄

?)
nn

· · · (x
nk x̄nl)nn

3

5

2

4
w1

...
w

k

w̄

l

3

5 =

2

4
1� (x?

x̄

?)11
...

1� (x?

x̄

?)
nn

3

5
.

(18)
In this system of equations there are k+ l unique unknowns,
kl + k + l columns, and n

2 equations. If X? or X̄? is zero
then Equation (18) is reduced by l or k columns respectively
but still has k + l unique unknowns with n

2 equations.

Definition 7. If Equation (18) has k+ l linearly independent
equations then the polynomial, obtained by solving for a
variable and substituting into the next equation successively
until there is only one unknown, is called a progressive
polynomial and has degree k + l with one unknown.

Definition 8. A well–defined root of a progressive polyno-
mial is a real root that,

1) Solves the polynomial, and
2) Gives solutions for the other unknowns, solved for by

plugging recursively back into the other equations, that are
well–defined, that is, no division by zero.

Theorem 2. Under the assumptions of Theorem 1, Equation
(16) has a unique solution if and only if one of the following
is true:

- A has full column rank (k = 0) or
- Ā has full column rank (l = 0) or
- There is a well–defined progressive polynomial with a

unique, well–defined root.

Proof. (() If A or Ā have full column rank then there is
no nontrivial nullspace of A or Ā so the psuedoinverse gives
a unique result. This uniquely solves Equation (16) because
one side is constant and the other side is made up of a linear
combination of linearly independent elements.

If k and l do not equal zero and Equation (18) has k + l

linearly independent equations then a progressive polynomial
can be solved for as explained in Definition 7. If there is a
unique, well–defined root, then there is a unique solution
for one of the unknowns. This unique solution can then
be successfully substituted recursively back into the other
equations used to the construct the progressive polynomial.
Since the root was well–defined, this will give a unique
solution to Equation (16).

()) By way of contraposition, assume the negation of the
last part of the theorem (the “or”’s become “and”’s and the
negation of the last point is slightly tricky). If A and Ā do
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not have full column rank then, if Equation (18) has enough
linearly independent equations, a well–defined progressive
polynomial can be constructed. There are two possible cases:

1) If the progressive polynomial has multiple well–defined
roots then there are multiple solutions to Equation (18) and
therefore multiple solutions to Equation (16).

2) If there is no progressive polynomial with a well–
defined root, that is all the progressive polynomials have
roots that are not well–defined, then there is not enough in-
formation to uniquely solve Equation (18). This implies there
is not enough information to uniquely solve Equation (16).

If A and Ā do not have full column rank and the
progressive polynomial is not well-defined, that is, there are
less than k + l linearly independent equations, then there
is clearly not enough information to solve Equation (16).
Therefore, by contraposition, if Equation (16) has a unique
solution then A or Ā has full column rank (k = 0 or l = 0) or
there is a well–defined progressive polynomial with a unique,
well–defined root.

Example 4. Consider the system with the structure,

ẋ1
ẋ2

�
=


2 3
1 1

� 
x1
x2

�
+


1
1

�
u

y =
⇥
1 0

⇤ 
x1
x2

�
.

with the state transformation T =


1 2
1 1

�
, which gives the

realization. Assume we know all the entries except a12, b1,
and c2. This makes A, Ā 2 R3⇥4. So clearly neither is full
column rank but they are full row rank. So combining the
information from the two and building Equation (16) gives

�0.4 1.3
0.3 �0.4

�
+ w1


0.63 0.32
0.32 0.63

�
=

✓
0.35 0.65
0.10 0.35

�
+ w̄1


0.54 �0.54

�0.36 0.54

�◆�1

.

Multiplying both sides by the right side, moving the X

?
X̄

?

to the right side, and vectorizing gives
2

64

0.2550 �0.6825 0.2272
0.1734 0.3053 �0.0568
0.5202 0.9160 �0.1704
0.4284 �0.3772 0.1704

3

75

2

4
w1
w̄1

w1w̄1

3

5 =

2

64

1.0161
�0.0677
�0.2032
0.9484

3

75 , (19)

which is only rank two but there are only two unique
unknowns. So building the progressive polynomial by solving
for w1 from the first equation and plugging it into the second
gives

0.0306w̄2
1 + 0.1539w̄1 + 0.1935 = 0,

which has a single well–defined root of �2.5145. Therefore
there is a unique solution to Equation (19).

1) Information Cost of State Reconstruction:

Theorem 3. If A or Ā have full column rank then at least
n

2 elements of (A,B,C,D) must be known.

Proof. By way of contraposition, assume ↵ < n

2 elements
of (A,B,C,D) are known. By construction of A and Ā, the
largest dimension either can have is ↵⇥n

2 but since ↵ < n

2,
neither can be full column rank.

Conjecture 1. For a progressive polynomial to have a
unique, well-defined root, at least n2 elements of the system
must be known.

It is quite rare for a well–defined progressive polynomial
to have a unique, well-defined root. Therefore the cost of
this small set is less vital. However, for completeness, the
proof of Conjecture 1 is under current investigation.

V. CONCLUSION

We have provided necessary and sufficient conditions
for state reconstruction of linear time invariant systems in
Theorems 1-2. The information cost of this process is given
in Theorem 3 and Conjecture 1. The magnitude of this cost
motivates the need for other mathematical models [20].
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