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a b s t r a c t 

Integrated scheduling and control (SC) seeks to unify the objectives of the various layers of optimization 

in manufacturing. This work investigates combining scheduling and control using a nonlinear discrete- 

time formulation, utilizing the full nonlinear process model throughout the entire horizon. This discrete- 

time form lends itself to optimization with time-dependent constraints and costs. An approach to com- 

bined SC is presented, along with sample pseudo-binary variable functions to ease the computational 

burden of this approach. An initialization strategy using feedback linearization, nonlinear model predic- 

tive control, and continuous-time scheduling optimization is presented. The formulation is applied with a 

generic continuous stirred tank reactor (CSTR) system in open-loop simulations over a 48-h horizon and 

a sample closed-loop implementation. The value of time-based parameters is demonstrated by applying 

cooling constraints and dynamic energy costs of a sample diurnal cycle, enabling demand response via 

combined scheduling and control. 

© 2018 Elsevier Ltd. All rights reserved. 
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. Introduction 

Current process control and optimization strategies are typically

ivided into major sections including base layer controls, advanced

ontrols, real-time optimization, scheduling, and planning ( Zhang,

oderstrom and Hedengren, 2010 ). Each of these levels works at a

ifferent time scale, ranging from milliseconds to seconds for base

ontrols, up to weeks or months at the planning level. 

Each of these levels receives a minimal amount of informa-

ion to fulfill an objective to simplify models and decrease com-

utation time. However, the lack of information communicated be-

ween the levels creates lost opportunities. For example, schedul-

ng problems have historically focused on the quantity and time-

ine of product manufacturing, without much knowledge of the

ynamics of the manufacturing process. Thus, the “optimal” solu-

ion determined in scheduling is sometimes impossible to imple-

ent in practice within the required time to transition between

roducts in continuous manufacturing ( Capón-García et al., 2013 ).

urther, the objectives of different manufacturing layers can some-

imes counter each other. For example, a control goal to reach a set
∗ corresponding author. 
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oint could potentially conflict with a scheduling goal to maximize

rofits ( Harjunkoski et al., 2009 ). 

This segregated manufacturing structure is largely an artifact of

he development of process control and computational limits dur-

ng these developmental periods ( Baldea and Harjunkoski, 2014 ).

hus, each level has developed within an isolated domain, without

uch inter-level coordination, sometimes at the expense of truly

ptimal solutions ( Baldea and Harjunkoski, 2014 ). 

.1. Economic model predictive control and dynamic real time 

ptimization 

With ever-increasing computational power, the segrega-

ion of optimization is being reanalyzed through effort s such

s model predictive control for supply-chain management

 Subramanian et al., 2014 ), combined nonlinear estimation and

ontrol ( Hedengren et al., 2014; Lima et al., 2013 ), dynamic

eal-time optimization (DRTO) ( Biegler et al., 2015; Harjunkoski

t al., 2014; Pontes et al., 2015 ), and economic model predictive

ontrol (EMPC) ( Angeli et al., 2012; Ellis et al., 2014 ). These past

fforts have proven valuable in practice ( Zhang, Soderstrom and

edengren, 2010 ). 

DRTO has an economic objective function similar to that of a

cheduler. DRTO is solved more frequently than scheduling prob-

https://doi.org/10.1016/j.compchemeng.2018.04.010
http://www.ScienceDirect.com
http://www.elsevier.com/locate/compchemeng
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lems and leverages the predictive power inherent in a dynamic

first-principles model to calculate intermediate set points used by

MPC for optimal product transitions ( Ellis et al., 2014; Pontes et al.,

2015 ). 

EMPC mixes the benefits of the optimization layers with an ob-

jective function centered around profit or reducing operating ex-

penses, rather than reaching a setpoint, and is therefore similar to

a scheduler. However, EMPC uses a very short time horizon like

MPC ( Ellis et al., 2014 ). However, both EMPC and DRTO only con-

sider one product at a time, and therefore do not replace a sched-

uler. 

Other researchers are more fully integrating control and

scheduling (SC) in an attempt to achieve even more optimal solu-

tions. Suggestions for, and early implementation of, fully combined

scheduling and control go back at least a decade ( Flores-Tlacuahuac

and Grossmann, 2006 ). 

1.2. Integrated scheduling and control and computational capacity 

The benefits of integrated scheduling and control have been ex-

plored extensively in recent work, and algorithms and technology

which further enable these large-scale problems have been steadily

advancing during recent years. Today, both computing power and

algorithms have advanced so far that nonlinear programming prob-

lems (NLPs) with over a million variables can be solved ( Biegler

and Zavala, 2009 ). Not only have solvers grown in capacity, but

also in speed ( Biegler et al., 2015 ). These developments and po-

tential for future growth in algorithm capacity and speed prompt

investigation of a new paradigm of integrated scheduling and con-

trol which could lead to improved process solutions through more

complex problem formulations. 

1.2.1. Previous work 

Extensive research has been performed in the new field of inte-

grated scheduling and control. Multiple review articles have been

written on the topic of integrated scheduling and control, rang-

ing from reviews on integration feasibility to addressing uncer-

tainty in the integrated problem ( Dias and Ierapetritou, 2016; En-

gell and Harjunkoski, 2012; Harjunkoski et al., 2009; Pistikopou-

los and Diangelakis, 2015; Shobrys and White, 2002 ). Some re-

searchers have investigated incorporating explicit process dynam-

ics in the scheduling model with differential and/or algebraic con-

straints ( Flores-Tlacuahuac and Grossmann, 2006 ), even for multi-

product parallel continuous stirred tank reactors (CSTRs) ( Flores-

lacuahuac and Grossmann, 2010 ). Multi-objective optimization

approaches have also been investigated for combined scheduling

and control of CSTRs ( Gutierrez-Limon et al., 2011 ). Another ap-

proach called the scale-bridging model (SBM) uses a simplified

model that encompasses most of the important dynamics that can

be used in the scheduling framework ( Baldea et al., 2015; 2016a;

Du et al., 2015 ). 

Predictive control system integration into refinery scheduling

models has been investigated ( Shi et al., 2014 ). Integrating schedul-

ing and control has been shown to optimize transition times in

a polymerization reactor model, although the optimization prob-

lem grows rapidly with an increasing number of products ( Prata

et al., 2008 ). Combined scheduling and controller selection for op-

timal grade transitions in polymerization processes has also been

investigated ( Chatzidoukas et al., 20 03; 20 09 ). Closed-loop imple-

mentation of simultaneous scheduling and control has been shown

to effectively re-calculate an optimal schedule in the presence of

significant disturbances ( Zhuge and Ierapetritou, 2012 ). Fast model

predictive control ( Zhuge and Ierapetritou, 2015 ) and dual feedback

structures ( Chu and You, 2014c ) have been proposed to reduce

the computational requirements of on-line, closed-loop implemen-

tation of combined scheduling and control. A traveling salesman
pproach has also recently been suggested ( Charitopoulos et al.,

017 ). 

Some researchers employ decomposition techniques to the SC

roblem. Past research in this field includes segregating production

equence and product demand ( Zhuge and Ierapetritou, 2016 ), ap-

lying Benders’ decomposition framework to particular problems

 Chu and You, 2013a; 2013b; 2013c ), using Dinkelbach’s algorithm

o find a global optimum in on-line implementations ( Chu and You,

012 ), and using Lagrangian heuristic decomposition to reduce the

omputational burden of the combined problem ( Terrazas-Moreno

t al., 2008a ). 

Some researchers have explored the integration of scheduling

nd control in batch processes. The possibilities of direct inclu-

ion of process dynamics into batch scheduling was first discussed

ver a decade ago ( Mishra et al., 2005 ). Recent research contin-

es to explore integrating process dynamics into batch schedul-

ng ( Capón-García et al., 2013 ). Multi-parametric model predictive

ontrol ( Zhuge and Ierapetritou, 2014 ), state equipment networks

 Nie et al., 2012 ), and two-phase (off-line and on-line) architec-

ures ( Rossi et al., 2017 ) have been applied to integrate scheduling

nd control for batch processes. Chu and You investigated schedul-

ng and control in batch processes, investigating moving horizon

pproaches ( Chu and You, 2014c ), decomposition through surro-

ate modeling ( Chu and You, 2014a ), and decomposition into a bi-

evel problem solvable with a game theory approach ( Chu and You,

014b ). 

Work has also been done to integrate design, scheduling, and

ontrol ( Koller and Ricardez-Sandoval, 2017; Patil et al., 2015;

errazas-Moreno et al., 2008b ) as well as to integrate planning,

cheduling, and control ( Gutiérrez-Limón et al., 2014; Gutierrez-

imon et al., 2016 ). Several review articles have outlined organi-

ational and other challenges to integrating scheduling and con-

rol in chemical processes ( Baldea and Harjunkoski, 2014; Dias

nd Ierapetritou, 2016; Engell and Harjunkoski, 2012; Harjunkoski

t al., 2009 ). This work considers the simultaneous integration of

cheduling and control for multi-product continuous chemical pro-

esses. 

.3. Demand response 

Demand response (DR) is an illustrative example of the bene-

t of considering dynamic constraints and parameters in SC opti-

ization for chemical processes. As the electrical grid transitions

o a smart grid and dynamic electricity prices become available,

takeholders are being empowered to perform more informed en-

rgy transactions ( Farhangi, 2010; Safdarnejad et al., 2015a; 2016 ).

long with residential and commercial systems, industrial systems

re among those that can increasingly take advantage of the vari-

ble price of electricity ( Tong et al., 2015 ). 

Demand response seeks to manage both volatile demand and

enewable energy in order to increase efficiency of the electrical

rid. DR incentivizes consumers to behave in ways that benefit the

lectrical grid as well as themselves by utilizing variable pricing

o reduce consumption during peak hours when the reliability of

he grid is jeopardized ( U S Department of Energy, 2006 ). Genera-

ion should match consumption in order to maintain grid reliabil-

ty ( Mendoza-Serrano and Chmielewski, 2013 ). DR is a major rea-

on why variability of energy prices is expected to increase ( Deng

t al., 2015 ). Industrial manufacturing processes can benefit from

R by decreasing energy consumption when the cost of electric-

ty is high and increasing consumption when electricity costs are

ow. The possibility of demand-side pricing and constraints in en-

rgy markets creates new opportunities to achieve economic ben-

fit from SC in chemical processes ( Engell and Harjunkoski, 2012 ). 

Although residential consumers make up the largest portion

f electrical grid consumers, tremendous opportunities exist for



L.D.R. Beal et al. / Computers and Chemical Engineering 115 (2018) 361–376 363 

i  

P  

t  

C  

p  

s  

2

t  

t  

d  

o  

S  

e  

i  

t  

t  

T  

f  

c  

p  

c  

a  

r  

A  

t  

t  

p  

c  

t  

i

 

o  

o  

p  

t  

p  

a  

m  

T  

c  

d

2

 

b  

u  

r  

s  

t  

t  

i  

n  

2  

F  

e  

Z  

d  

t  

N  

d  

t  

s  

a  

c  

a  

Fig. 1. A generic linking function between the continuous process specification 

variable x and the binary scheduling variable for the associated product b . 
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ndustrial participants ( Mendoza-Serrano and Chmielewski, 2013 ).

revious effort s to quantify the benefits of DR for the indus-

rial sector include petroleum refining ( Mendoza-Serrano and

hmielewski, 2013 ), chemical processing ( Feng et al., 2015 ), gas

roduction (Air Separation Unit) ( Huang et al., 2011 ), aluminum

melting ( Zhang and Hug, 2015 ), and steel production ( Zhang et al.,

015 ). The idea that chemical processes can be used as a “battery”

o store energy from the grid generated during non-peak hours in

he form of chemical products was introduced by Baldea (2017) . He

iscusses methods to enable chemical process operators to interact

ptimally with utility operators to enable effective DR. Mendoza-

errano and Chmielewski (2013) introduce the concept of using

conomic model predictive control (EMPC) to respond to demand

n electric power systems, using a refinery as an example applica-

ion. Xu and Wang (2017) investigate a feedback control approach

o address energy consumption in a job-shop scheduling problem.

ong et al. (2017, 2015) incorporates chemical process dynamics in

ormulations accounting for DR in chemical process scheduling and

ontrol. Tong et al. account for process dynamics during transition

eriods and incorporate DR in their objective; however, the pro-

ess is considered at steady-state during production periods, not

llowing the optimization to alter operation during production pe-

iods to respond to dynamic constraints and dynamic energy price.

dditionally, Tong et al. consider parameter tuning for linear con-

rollers rather than utilizing nonlinear model predictive control in

he SC formulation ( Tong et al., 2017 ). The SC problem is decom-

osed into a scheduling problem with constant transitions and a

ontrol problem (optimal parameter tuning). The authors mention

he results are sub-optimal, but are progress toward true optimal-

ty. 

This work utilizes a case study of a CSTR model with a first-

rder, irreversible reaction to illustrate the benefits of adjusting

perations based on periodic electricity price changes. Moreover,

eriodic effective maximum cooling is added to the model. During

he heat of the day, effective maximum cooling is reduced com-

ared to night-time operation. To simulate these dynamic cooling

nd price conditions, periodic constraints of both effective maxi-

um cooling and electricity price are utilized in the optimization.

he discrete-time optimization is able to adjust manipulated pro-

ess variables throughout the entire horizon to respond to these

ynamic energy price and dynamic cooling constraints. 

. Problem formulation in discrete-time 

Typical scheduling optimization seeks to maximize profit ( P )

y changing scheduling variables ( x s ) such as the order of prod-

cts, subject to scheduling constraints such as demand, production

ate, storage costs, etc. There are two main types of models for

cheduling of chemical processes: discrete-time and continuous-

ime ( Floudas and Lin, 2004 ). The majority of previous work on in-

egrated scheduling and control utilizes continuous-time schedul-

ng formulations with integrated process dynamics to enable dy-

amic optimization of both scheduling and control ( Baldea et al.,

015; 2016a; Chu and You, 2012; 2013b; 2014c; Du et al., 2015;

lores-Tlacuahuac and Grossmann, 2006; 2010; Gutierrez-Limon

t al., 2011; Mojica et al., 2017; Pattison et al., 2017; 2016;

huge and Ierapetritou, 2012; 2014; 2015; 2016 ). Recent work also

emonstrates the possibilities of using discrete-time formulations

o integrate scheduling and control ( Beal et al., 2017a; 2017b;

ie et al., 2015 ). To account for dynamic process constraints and

ynamic scheduling parameters (e.g. dynamic market conditions),

his work utilizes a fully discrete-time method for the integrated

cheduling and control problem. The discrete-time formulation en-

bles dynamic constraints and dynamic market conditions to be

onsidered in integrated optimization of both production sequence

nd process operation during and between production slots, en-
bling optimization of effective demand response during produc-

ion periods, effective optimization of grade transition timing, and

ffective optimization of process control during both production

nd transitional periods. A generalized scheduling optimization is

hown in the equation below where time is discrete. 

maximize 
x s 

P (x s , y, t) 

subject to scheduling constraints 
(1) 

Unlike scheduling which considers economic constraints but

ot process dynamics, MPC includes process dynamics but inher-

ntly contains no economic considerations. MPC drives a process

o a setpoint by manipulating process variables ( x c ) such as flow

ates, subject to the process model (e.g. reaction rates, mass bal-

nce), generalized by the below equation, where time is discrete.

minimize 
x c 

| | y model − y sp | | 
subject to process model 

(2) 

EMPC adjusts MPC by maximizing profit ( P ) rather than mini-

izing error to a setpoint using the same dynamic process model.

he economic objective is reminiscent of a scheduler. 

maximize 
x c 

P (x c , y, t) 

subject to process model 
(3) 

By combining the constraints from EMPC (the process model)

nd the scheduling optimization (scheduling variables such as

rices and demand), with an economic objective function over the

ame discretized time horizon, a fully unified control and schedul-

ng optimization is achieved. 

However, schedulers do not consider the same set of process

ariables that a controller process model considers. Thus, a link

s required between scheduling variables and process variables.

amely, linking a product on/off binary variable ( B i, t , represent-

ng production of product i at time t ) from typical scheduling for-

ulations to the associated process variable ( y p ), as defined by

roduct specifications. Production ( B ) is typically a binary vari-

ble while process variables are typically continuous. Since most

roduct specifications include a tolerance, this linking can be done

hrough a step function. Fig. 1 shows this relationship for a sample

roduct whose specification is x = 1 . 5 with a tolerance of 0.5. 

With the linking function in place, economic optimization

ased on both scheduling and control economics is possible with

oth a process model and scheduling constraints, as shown in

he below equation. This is the proposed paradigm of combined
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Fig. 2. Variables are discretized over a horizon onto finite elements by orthogonal 

collocation. 
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scheduling and control explored in this work. 

maximize 
x s ,x c 

P (x s , x c , y, B ) 

subject to scheduling constraints 

process model 

linking function B (y p ) 

(4)

The formulation in this work consists of a large-scale set of

nonlinear differential and algebraic equations (DAE) that describe

a MIDO problem. The continuous horizon of the problem is dis-

cretized by orthogonal collocation onto finite elements (see Fig. 2 ),

becoming a large system of algebraic equations containing binary

variables B i, t , which determine the current on-specification pro-

duction of each product i at time t . 

The objective function is shown in Eq. (5) , where B is the binary

variable that determines if product i is produced at time t , � is the

price of product p, q is the rate of production at time t, n is the

number of finite elements, and O is the operational expenditure at

time t . 

maximize 

n ∑ 

t 

[ 

n ∑ 

i 

(q t �i B i,t ) − O t 

] 

(5)

This discrete-time SC formulation is inherently able to account

for dynamic constraints and parameters throughout a prediction

horizon by modifying constraint or parameter values at each finite

element across the horizon. This improves upon continuous-time,

slot-based formulations in which a system is traditionally consid-

ered steady-state or constant during production periods, ruling out

the possibilities for consideration of dynamic constraints or param-

eters during production slots ( Tong et al., 2015 ). 

2.1. Linking functions 

The full discrete-time integrated scheduling and control prob-

lem accounting for full nonlinear process dynamics presented in

this work produces a complex and difficult mixed-integer nonlin-

ear (MINLP) problem. Fine-time resolution of the discrete-time SC

problem dictates a large number of integer variables B i, t . How-

ever, on-line or frequent implementation of integrated schedul-

ing and control is beneficial for rejecting process disturbances

and responding effectively to market fluctuations ( Baldea and Har-

junkoski, 2014; Engell and Harjunkoski, 2012; Zhuge and Ierapetri-

tou, 2012 ). This requires a sufficiently light computational time re-

quirement for the SC problem. 

To reduce the computational requirements of the nonlinear

discrete-time problem accounting for nonlinear process dynamics,

this work recommends continuous relaxations of the linking func-

tion (or a “pseudo-binary” approach) to ease the computational re-

quirements of the MINLP problem to enable solution via gradient-

based NLP. This section provides various options for linking func-
ions. A few selected methods are tested on the SC problem ( Eq.

4) ) with sample results of profit and solution time reported. 

The first recommended linking function (a “hard constraint”)

ould be formulated as shown in Eq. (6) or ( 7 ), where spec is the

roduct specification with tolerance tol . In this form, B is zero out-

ide of product specs, but will be driven to one (the upper vari-

ble bound) by the economic objective function when on spec —

ffectively producing a step in B . These constraints are simple and

inear or quadratic. 

 (| spec − x | − tol) ≤ 0 , B ∈ [0 , 1] (6)

 ((spec − x ) 2 − tol 2 ) ≤ 0 , B ∈ [0 , 1] (7)

Similarly, mathematical programming with complementarity

onstraints (MPCC) can be used to simulate a step function by

ombining two modified “signum” MPCC formulations, as shown

n Eq. (8) ( Beal et al., 2017b ). This formulation provides deriva-

ives for the solver to seek out the product and B is fixed at one

hen on-spec through constraints rather than objective function

ncouragement. However, mathematical programming with equi-

ibrium constraints (MPEC) naturally include dependent active in-

quality constraints which add significant difficulty for the solver

although this can be partially resolved through structured regu-

arization, Wan and Biegler, 2016 ). Further, this method introduces

ix slack variables ( s ) per product, per time discretization. All the

lack variables must be positive and s 5 and s 6 must additionally be

ess than or equal to one. 

 − spec − tol = s 1 − s 2 (8a)

 − spec + tol = s 3 − s 4 (8b)

 1 ∗ (1 − s 5 ) + s 2 ∗ s 5 ≤ 0 (8c)

 3 ∗ (1 − s 6 ) + s 4 ∗ s 6 ≤ 0 (8d)

 = s 6 − s 5 (8e)

In contrast to these binary methods, we also present continuous

elaxations to the binary step function (or a “pseudo-binary” ap-

roach). For example, Eq. (9) provides a continuous gradient with

mmediate objective function benefit for the solver to recognize

he location of products with respect to process state x . In Eq. (9a) ,

 represents the max height of the function and must exceed 1. In

his format, f exceeds 1 in the range of product specifications and

s within [0,1] elsewhere. 

f (x ) = h 10 

log(1 /h ) /tol 2 (spec−x ) 2 (9a)

 (x ) ≤ f (x ) , B ∈ [0 , 1] (9b)

Low values of h present a short, wide hill with clean, far-

eaching gradients. To force a square function like a true binary

ariable, h is increased so f goes to 0 outside the product specifica-

ions. Then, through Eq. (9b) , the function is capped at 1. The eco-

omic objective function maximizes B to 1 whenever the concen-

ration is within the associated product specification. Fig. 3 shows

he resulting linking function, demonstrating the wide reach pro-

ided by low values of h to the steep binary approximation of large

 . 

In this work, h is manually increased and resolved iteratively,

ith each solution initializing the next. This also helps avoid the

umerical difficulties presented by the steep gradients of large h
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Fig. 3. A sample plot of Function (9) with increasingly large h , beginning with a 

gentle slope for clean, far-reaching derivatives, progressing towards a strict binary 

step function. 

Fig. 4. A sample plot of the sigmoid function with increasingly large k , beginning 

with a gentle slope for clean, far-reaching derivatives, progressing towards a strict 

binary step function. 
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alues by being very close to the solution as the numerical chal-

enges increase. This method is related to, but has the opposite ef-

ect of, the barrier method used in interior point solvers ( Wächter

nd Biegler, 2006 ). It is the authors’ opinion that this form would

e better implemented within a solver where h could be updated

n a per-iteration basis. This is a point of future work. 

This function is suitable for this use because product specifica-

ion variables are typically within a known, relatively small bound.

hus, the function f can provide a gradient through the entire

ange with initially small h . 

Similar to Eq. (9), Eq. (10) provides a continuous relaxation by

ombining two sigmoid functions, scaled to a maximum value of

ne. 

 (x ) = 

1 
1+ exp(k (spec−tol−x )) 

+ 

1 
1+ exp(k (−spec−tol+ x )) − 1 

1 
1+ exp(k (−tol)) 

+ 

1 
1+ exp(k (−tol)) 

− 1 

(10) 

In Eq. (10) , low values of k provides clean, far-reaching gradi-

nts while large k approximates the step function. k in this method

s the counterpart to h in Eq. (9). Fig. 4 shows this function with

ncreasing values of k . 

.1.1. Sample results 

Each of the proposed linking functions is capable of finding a

olution. However, since the provided gradients differ, the solver
akes a different path to each solution. This can yield slightly dif-

erent solutions as each problem may fall in different local op-

ima. For the problem provided in Eq. (4) (further described in

ection 4 ), Fig. 5 shows a set of sample results of both the end

rofit and the time required to achieve the solution. These results

ll use continuous variables for B , but each solution is sufficiently

lose to binary. An attempt at solving these problems with actual

inary variables, in an MINLP using the APOPT solver ( Hedengren

t al., 2012 ), did not solve in under 10,0 0 0 s. 

For this problem, the pseudo-binary method (Eq. (9)) consis-

ently returns the highest profit and is therefore recommended

or finding the initial schedule solution. However, Eq. (7) is the

astest method and is therefore recommended for closed-loop con-

rol once a highly detailed solution is obtained and used to initial-

ze the next control move. For other problems with different dy-

amics or constraints, a different linking function may work better.

. Strategies for computational tractability 

To further reduce the time required to solve the MINLP prob-

em, a computationally light continuous-time scheduling optimiza-

ion is used to initialize the discrete-time problem. Both feed-

ack linearization and nonlinear model-predictive control (NMPC)

re used to estimate the transition times in the continuous-time

cheduling problem used for initialization. 

A pseudo-binary variable strategy is presented to make the

iscrete-time mixed-integer dynamic optimization (MIDO) prob- 

em solvable by NLP. An initialization strategy is presented to fur-

her shorten the computational time for the discrete-time problem

y using a simpler continuous-time, slot-based scheduling prob-

em. The transition times needed to solve this continuous-time,

lot-based scheduling problem are estimated using two alternative

echniques: feedback linearization and nonlinear model predictive

ontrol. A transposition of the continuous-time scheduling solution

o discrete-time is presented to initialize the discrete-time prob-

em. 

.1. Continuous-time scheduling initialization 

This work further lightens the computational burden of the

iscrete-time SC problem through initialization. As shown in

afdarnejad et al. (2015b) , initialization of discrete-time problem

ariables at each finite element to values close to the optimal solu-

ion reduces the computational time required. In this work, initial-

zation of binary variables ( B i, t ) and key process variables at each

nite element is employed to reduce the computational burden of

ach iteration of combined scheduling and control. 

If implemented closed-loop, initialization can be provided by

he solution of a previous iteration. However, continuous-time

cheduling optimization is selected as a computationally light way

o initialize in the case that a previous solution is unavailable.

ontinuous-time scheduling divides a future time horizon into

ime slots composed of a transition period followed by a produc-

ion period, as shown in Fig. 6 . A continuous-time scheduling op-

imization is used to initialize the discrete-time problem in this

ork. This continuous-time optimization seeks to maximize profit

hile observing scheduling constraints. The objective function is

ormulated as follows: 

max 
z i,s ,t 

s 
i 
,t f 

i 
∀ i,s 

J = 

n ∑ 

i =1 

�i ω i − qc rm 

T m 

s . t . Eqs . (12) − (18) 

(11) 

here T m 

is the makespan, n is the number of slots, z i, s is the bi-

ary variable that governs the assignment of product i to a partic-

lar slot s , t s s is the start time of the slot s where product i is made,
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Fig. 5. A comparison of different linking functions at various horizon lengths. The figures show that Eq. (9) (PB or “pseudo-binary”) consistently returns the best schedule, 

while Eq. (7) (hard) consistently yields the fastest solution. 

Fig. 6. Continuous-time scheduling divides the future horizon into time slots that consist of a transition period τi ′ i (where product i ′ is made in slot s −1 and product i is 

made in slot s ) followed by the production period for product i . 
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f 
s is the end time of the same slot, �i is price per unit of product

i, q is production rate, c rm 

is raw material cost, and ω i represents

the amount of product i manufactured, 

ω i = 

n ∑ 

s =1 

∫ t f s 

t s s + τi ′ i 
z i,s q dt (12)

where τi ′ i is the transition time between product i ′ made in slot

s −1 and product i made in slot s . The time points must satisfy the

precedence relations 

 

f 
s > t s s + τi ′ i ∀ s > 1 (13)

 

s 
s = t f 

s −1 
∀ s � = 1 (14)

 

f 
n ≤ T m 

(15)

which require that a time slot be longer than the corresponding

transition time, impose the coincidence of the end time of one

time slot with the start time of the subsequent time slot and de-

fine the relationship between the end time of the last time slot

and the total makespan or horizon duration ( T m 

). 
Products are assigned to each slot using a set of binary vari-

bles, z i, s ∈ {0, 1} along with constraints of the form 

n 
 

s =1 

z i,s = 1 ∀ i (16)

n 
 

i =1 

z i,s = 1 ∀ s (17)

hich ensure that only one product is made in each time slot. 

The makespan is fixed to the length of the scheduling and con-

rol horizon rather than set as a manipulated variable adjustable by

he NLP solver. Demand constraints are formulated such that pro-

uction may not exceed the maximum demand for a given prod-

ct, as follows: 

 i ≤ δi ∀ i (18)

The continuous-time scheduling optimization requires transi-

ion times between steady-state products ( τi ′ i ) as well as transi-

ion times from the current state to each steady-state product if

urrent state is not at steady-state product conditions ( τ0 ′ i ). The

ransition times are estimated using two different methods: non-

inear model predictive control (NMPC) and feedback linearization.

ransition times between steady-state products can be computed
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ff-line and stored in memory; however, transition times from cur-

ent state to steady-state products must be calculated on-line at

ach iteration of integrated scheduling and control optimization if

mplemented on-line. These two approaches to calculate transition

imes are discussed in the following sections. 

.1.1. Nonlinear model predictive control transitions 

NMPC transitions minimize an objective function of the form 

min 

u,t f 
J = (x (t f ) − x sp ) 

T W sp (x (t f ) − x sp ) + t f W time 

s . t . nonlinear process model 

x (t 0 ) = x 0 

(19) 

here x ( t f ) is the process state at final time, W sp is the weight on

he set point for meeting target product steady-state, t f is the fi-

al time or time required for the transition, W time is the weight on

inimizing the final time, x sp is the target product steady-state,

nd x 0 is the start process state from which the transition time is

eing estimated. This formulation harnesses knowledge of process

ynamics in the system model to find an optimal trajectory and

inimum time required to transition from an initial concentration

o a desired concentration. The final time chosen by NMPC is taken

s the estimate of transition times to use in the continuous-time

cheduling optimization. This transition time is expected to be

imilar to the time taken by the discrete-time combined schedul-

ng and control algorithm to transition between product steady-

tate conditions as both approaches harness a nonlinear system

odel to find optimal control profiles between products. 

.1.2. Feedback-linearized transitions 

Although NMPC harnesses full knowledge of process dynamics

s available in the system model and is expected to effectively im-

tate the transition durations of the combined scheduling and con-

rol algorithm presented in this work, NMPC is expected to scale

oorly (in terms of computational burden) to larger systems with

omplex models and large numbers of products. The large com-

utational requirement of NMPC may be unsuitable for initializa-

ion purposes in on-line implementations of integrated schedul-

ng and control. Consequently, feedback linearization is presented

s an alternative approach for estimating transition times in the

ontinuous-time scheduling optimization. 

A linear system y = f (x, u ) has the property that f (x, u 0 + u 1 ) =
f (x, u 0 ) + f (x, u 1 ) . Thus the response of the system to the initial

nput u 0 can be decoupled from that of the step size u 1 . Addition-

lly, a closed-form solution for the transition time given a step size

an be estimated, thus avoiding preprocessing time and space. 

Feedback linearization can be applied to dynamic systems of

he form 

˙ x = f (x ) + g(x ) u 

 = h (x ) 
(20) 

ollowing the procedure outlined by Khalil and Grizzle (1996) , the

ontrol signal u can be designed to make the input-output behav-

or of the system linear. For instance, in the SISO (Single Input Sin-

le Output) case 

 = 

1 

L g L 
ρ−1 

f 
h (x ) 

(
− L 

ρ
f 
h (x ) + v 

)
(21)

here L f represents the Lie derivative along f and ρ is the relative

egree of the system. In this case, the input-output behavior of the

losed-loop system is 

 = y (ρ) (22) 

hich is a chain of ρ integrators. 

An issue with feedback linearization is that the resulting

losed-loop dynamics may not be stable, as seen in the SISO case
bove. This work proposes to use LQR control for the stabilizing

ontroller, since full state feedback of ˆ x is available. This well-

nown approach finds a gain K that minimizes 

 = 

∫ ∞ 

0 

x T Qx + v T R v dt (23)

he control law then becomes v = −K ̂  x ( Hespanha, 2009 ) as shown

n Fig. 7 . 

One drawback to using feedback linearization is that it can pro-

uce arbitrarily large input signals u in order to maintain linearity.

n most cases, this leads to unreasonable state values x that are al-

owed by the mathematics of the model but are not realistic. For

his reason, Q and R should be tuned in order to keep u within

easonable bounds for the relevant step sizes in the system. 

Once the system has been tuned appropriately, then the tran-

ition times can be calculated independent of the starting point.

his approach is similar to the scale-bridging model (SBM) as pre-

ented by Baldea et al. (2016b) . However, whereas Baldea et al. use

inearization as a method for feeding information on process dy-

amics to a scheduler, this work uses feedback linearization strictly

o estimate transition times for a continuous-time scheduling ini-

ialization for an overall nonlinear problem. 

The relevant difference between initial and target states is fed

n as the reference signal s step to calculate the transition durations.

 function of the form 

 trans = α · log (s step ) + β (24)

s fit to simulated transition times from a range of s step to give

 closed form and computationally light solution for finding the

ransition time in the estimated CSTR system. This feedback lin-

arization method is expected to scale to larger systems with neg-

igible computational requirements. 

.1.3. Continuous-time to discrete-time transpose 

The solution to the continuous-time optimization provides a

chedule that includes slot start times t s s and slot end times t 
f 

s as

ell as product assignment to each slot as determined by z i, s . This

ontinuous-time schedule determines the initialization of both the

inary variable B i, t and the state variables x at each finite element.

he initialization reduces the computational time required for the

LP solver at each iteration of combined scheduling and control.

he initialization occurs according to the following algorithm: for

ach finite element ( fe ), 

ff z i,s = 1 and t s s < t f e < t f s : (25a)

hen B i, f e = 1 and x f e = x i ; (25b)

lse B i, f e = 0 (25c) 

For each time slot in the continuous-time schedule [ t s s , t 
f 

s ], B i, fe 
ransposes the product assignment ( z i, s ) to finite elements within

hat time segment. x is initialized to the appropriate steady-state

perating value ( x i ) corresponding with the product manufactured

uring a given slot as given by z i, s . 

. Case study 

This section presents the CSTR problem used to highlight the

alue of the formulation introduced in this work. While this sys-

em does not directly represent a specific industrial problem,

he generic CSTR model is applicable in various industries from

ood/beverage to oil and gas and chemicals. This work details a

eneral approach to combined scheduling and control and this

odel demonstrates the benefits on a generic system. Notable as-

umptions of a CSTR include: constant volume, well mixed and

onstant density. 
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Fig. 7. stabilized linearized system. 

Table 1 

Reactor parameter values. 

Parameter Value 

V 400 m 

3 

q cool / V jacket 5 hr 
−1 

E A / R 8750 K 
UA 

VρC p 
0 . 523 h 

−1 

k 0 1 . 8 e 10 h 
−1 

T f 350 K 

C A 0 1 mol/L 
	H r 
ρC p 

−209 k m 3 

mol 

Table 2 

Product specifications. 

Product C A Max demand Price 

(mol/L) (m 

3 ) ($/10 m 

3 ) 

1 0.35 1920 24 

2 0.12 2880 27 

3 0.25 2880 21 
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The model shown in Eqs. (26) –( 29 ) is an example of an exother-

mic, first-order reaction of A ⇒ B where the reaction rate is defined

by an Arrhenius expression and the reactor temperature is con-

trolled by a cooling jacket. The fluid in the cooling jacket under-

goes an external, arbitrary cooling process where 	H cool is the ef-

fective cooling rate. 

dC A 
dt 

= 

q 

V 

(C A 0 − C A ) − k 0 e 
−E A /RT C A (26)

dT 

dt 
= 

q 

V 

(T f − T ) − 1 

ρC p 
k 0 e 

−E A 
RT C A 	H r − UA 

V ρC p 
(T − T c ) (27)

dT c 

dt 
= 

q cool 

V j 

(T cin − T c ) + 

UA 

V j ρC p (T − T c ) 
(28)

	H cool = ρC p.cool q cool (T c − T cin ) (29)

In these equations, C A is the concentration of reactant A, C A 0 
is the feed concentration, q is the inlet and outlet volumetric

flowrate, V is the tank volume ( q / V signifies the residence time), E A 
is the reaction activation energy, R is the universal gas constant, UA

is an overall heat transfer coefficient times the tank surface area,

ρ is the fluid density, C p is the fluid heat capacity, k 0 is the rate

constant, T f is the temperature of the feed stream, C A 0 is the inlet

concentration of reactant A, 	H r is the heat of reaction, q cool is the

flowrate of coolant, V j is the volume of the cooling jacket, T is the

temperature of reactor, T c is the temperature of cooling jacket, T cin 

is the temperature of cooling return line and C p.cool is the cooling

fluid heat capacity. Table 1 lists the CSTR parameters used. 

In this example, one reactor can make multiple products by

varying the concentrations of A and B in the outlet stream. The

manipulated variables in this optimization are 	H cool and q. q is

bounded by 100 m 

3 /h ≤ q ≤ 120 m 

3 /h and 	H cool is either bounded

by 4 MW or a diurnal maximum cooling curve. The sample prob-

lem uses three products over a 48-h horizon. The product descrip-

tions are shown in Table 2 , where the product specification toler-

ance is ± 0.005 mol/L. 
The only scheduling constraint used in this case study is de-

and, as shown in Eq. (30) . While these results use maximum

emand (useful for situations like filling storage tanks rather than

lling orders), it can easily switch to minimum demand by flipping

he inequality. 

 t 

0 

B i,t ≤ maxdemand i , ∀ i (30)

The pseudo-binary variable approach is implemented via the

ollowing equations, with C A being the process state variable re-

ating to each product i : 

f i (C A ) = h 10 

log(1 /h ) /tol 2 (C A,i −C A ) 
2 ∀ i (31)

 i (C A ) ≤ f i (C A ) , B i ∈ [0 , 1] ∀ i (32)

For continuous-time scheduling initialization, NMPC estima-

ions of transition times are calculated using the following objec-

ive: 

min 

	H,q,t f 
J = (C A (t f ) − C A,sp ) 

T W sp (C A (t f ) − C A,sp ) + t f W time 

s . t . Eqs . (26) − (29) 
(33)

hile feedback linearization estimates transition times with the

ollowing closed-form equation fit to feedback linearized process

imulations: 

 trans = 0 . 9853 · log (s step ) + 5 . 332 (34)

or a detailed derivation of Eq. (34) , the reader is directed to Ap-

endix A. 

Four test cases were considered to develop the integration of

ime-based parameters: 

1. Static pricing and cooling constraints. 

2. Static pricing, diurnal cooling constraint function. 

3. Static cooling constraint, diurnal pricing function. 

4. Diurnal pricing and cooling constraint functions. 

Case 1 is the standard case with time-independent constraints

hat should largely replicate the results of a continuous-time, slot-

ased scheduling formulation. Results from cases 2 and 3 are sum-

arized since their combined effects reappear in case 4. 

The dynamic diurnal cycles of energy price and effective cooling

onstraints are generalized by simple sinusoidal curves, as shown

n Fig. 8 . The energy price varies from $10 per MWh during the

ay to $90 per MWh during the night, with the static price rep-

esenting the average of $50 per MWh. The effective cooling con-

traint represents the amount of cooling done that affects the sys-

em; in other words, the cooling done minus losses to the environ-

ent, etc. Therefore, the higher ambient temperature during the

ay reduces effective cooling to the reactor because of heat loss to

he environment, while more cooling is possible during the colder

ight. This consideration allows the system to account for demand

esponse in the optimization, leveraging the abilities to account for

ynamic constraints and parameters in the discrete-time dynamic

ptimization problem. 
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Fig. 8. Plots of maximum effective cooling constraint and time-of-day pricing over 

48 h. 
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Table 3 

Computational requirements: Case 1. 

Initialization Initialization Discrete problem Total 

scheme CPU time (s) CPU time (s) CPU time (s) 

None 0 > 10, 0 0 0 > 10, 0 0 0 

Continuous-time (linear) 0.18 619 619 

Continuous-time (NMPC) 0.60 921 922 

Table 4 

Economic summary: Case 1. 

Initialization Product production ( m 

3 ) Profit 

scheme 1 2 3 ($) 

Continuous-time (linear) 1752 2866 559 3538 

Continuous-time (NMPC) 1780 2839 559 3541 

Table 5 

Economic summary: Case 2. 

Initialization Product production ( m 

3 ) Profit 

scheme 1 2 3 ($) 

Continuous-time (NMPC) 1777 2851 909 4010 

Table 6 

Economic summary: Case 3. 

Initialization Product production ( m 

3 ) Profit 

scheme 1 2 3 ($) 

Continuous-time (linear) 1754 2836 489 3400 

Continuous-time (NMPC) 1919 2810 370 3482 
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The objective function is formulated as follows: 

maximize 

n ∑ 

t 

n ∑ 

i 

(q t �i B i,t ) − E t 

s.t. Process model (Eqs. (26)–(29)) 

Scheduling constraints (Eq. (30)) 

Pseudo-binary Eqs. (Eqs. (31) and (32)) 

(35) 

.1. Closed-loop control 

Since this method uses the full process model of MPC with suf-

ciently fine time discretization, it can be used in closed-loop con-

rol. Once an adequate solution is reached using an initialization

ethod above, the previous solution horizon provides the initial-

zation for the next control move calculation. On rare occasions

f sufficiently large disturbances, the previous solution may not

e adequate for initialization and one of the above initialization

trategies may be used once again. 

This work solves a simple closed-loop sample case over 24 of

he 48 h horizon. Further analysis of this method’s closed-loop

trengths and challenges, including responses to more drastic dis-

urbances of both control (e.g. sudden change in concentration) or

cheduling (e.g. change in demand) parameters is a subject of fu-

ure work. 

The closed-loop implementation uses the same problem formu-

ation as Eq. (4) . The selected linking function is Eq. (7) , which is

enerally the fastest method. The individual product demands are

pdated on each iteration based on real-time production numbers.

. Results 

The results of each of the four test cases are described below.

he description for each case includes comparisons of the effects

f strategies employed to reduce the computational requirements

f the problem. Each case has 2 plots for each initialization scheme

mployed. The first plot shows the system state variables, and the

econd plot shows the maximum cooling constraint with the actual

ystem cooling. In cases 2 and 4, the energy price curve is overlaid

nto the plots, with the right axis showing price units. The descrip-

ion of each case also contains tables detailing the computational

equirements and economic results for convergent cases. 

Although the relaxed psuedo-binary variables are capable of

ielding non-integer values, they almost always come very close to

nteger values. There are occasional non-integer values, especially

uring transitions, but their overall effect is minor compared to the
agnitude of the problem, the uncertainty of a 48 h schedule and

lant-model mismatch. To remove the effects of intermediate val-

es, the results are post-processed and the reported profits include

nly on-spec production. 

Each problem is solved on an Intel i7 CPU-6700 at 3.40 GHz.

he continuous-time scheduling problems are solved using the

OUENNE branch-and-bound MINLP solver ( Couenne, 2006 ), the

MPC transition time estimations are solved with the APOPT

INLP solver ( Hedengren et al., 2012 ), and the discrete-time in-

egrated problems are solved with the IPOPT NLP solver ( Wächter

nd Biegler, 2006 ). The discrete-time problems are discretized over

00 finite elements with one collocation point within each finite

lement. Each problem is formulated using the Pyomo modeling

anguage ( Hart et al., 2012; 2011 ). Pyomo is designed for ulti-

ate flexibility rather than solution speed ( Dunning et al., 2017 ).

he flexibility is useful for exploring these initialization strategies,

ut Pyomo is not recommended for time-sensitive solutions. Thus,

he case study is replicated in GEKKO to compare solution speeds

 Tables 3–6 ). 

ase 1: Static pricing and cooling constraints 

As shown in Figs. 9–11 , case 1, the standard case with time-

ndependent constraints of static price and static cooling, maxi-

izes the production of product 2 for all initialization schemes

mployed because of its high price. Production of product 3 is min-

mized due to its low price. Product 1 sells at an intermediate price

nd is therefore produced during the remainder of the fixed hori-

on duration. The production order is selected to minimize transi-

ion times by stepping down to products with incrementally lower

oncentrations. 

The benefits of initialization are demonstrated by the or-

ers of magnitude in computational time reduced by applying

ontinuous-time initialization to the problem. Effective continuous-
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Fig. 9. Case 1: No initialization employed, reached max iterations. 

Fig. 10. Case 1: Initialized by continuous-time scheduling with NMPC-estimated transition times. 

Fig. 11. Case 1: Initialized by continuous-time scheduling with NMPC-estimated transition times. 
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time scheduling initialization guides the discrete-time problem to

find the optimal solution, whereas the non-initialized problem fails

to converge within reasonable time. The non-optimal result of

the non-initialized problem after maximum iterations is shown in

Fig. 9 for comparison. The problem reaches a local minimum, pro-

ducing a large amount of each product but creating a sub-optimal

schedule with more transitions than necessary. 
As expected, the feedback linearization estimations of transi-

ion times ( Fig. 13 ) provide a reduction in initialization CPU time

y roughly 60%, compared to the NMPC method ( Fig. 12 ). How-

ver, the CPU time required for initialization is negligible with re-

pect to the overall problem. The economic results of the variations

n continuous-time scheduling initializations vary only negligibly;
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Fig. 12. Case 2: Initialized by continuous-time scheduling with NMPC-estimated transition times. 

Fig. 13. Case 3: Initialized by continuous-time scheduling with feedback linearization–estimated transition times. 

Fig. 14. Case 4: No initialization employed. 
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owever, continuous-time scheduling initialization with feedback

inearization requires the least computational time. 

ase 2: Static pricing, diurnal cooling constraint function 

ummarized results. The diurnal cooling constraint curve applied

n case 2 allows product 2 to be produced at a higher rate com-

ared to case 1. The production rate is decreased during the hottest

art of the day, but reaches the lower production rate of case 1 for

nly a brief period. Further, the transitions between products occur
ore quickly when the max cooling constraint is higher because

f the extra cooling (especially the transition between products 3,

 A = 0.25, and 2, C A = 0.12). 

The overall profit for Case 2 increases ~13% over case 1 for

onvergent continuous-time initialization. This shows the value

f considering time-dependent constraints in combined schedul-

ng and control and further justifies a discrete-time formula-

ion because of the ease with which it can apply these con-

traints. Continuous-time formulations require steady-state condi- 

ions during production slots, which eliminates the possibility of
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Fig. 15. Case 4: Initialized by continuous-time scheduling with NMPC-estimated transition times. 

Table 7 

Computational requirements: Case 4. 

Initialization Initialization Discrete problem Total 

scheme CPU time (s) CPU time (s) CPU time (s) 

None 0 > 10, 0 0 0 > 10, 0 0 0 

Continuous-time (linear) 0.18 > 10, 0 0 0 > 10, 0 0 0 

Continuous-time (NMPC) 0.60 571 572 

Table 8 

Economic summary: Case 4. 

Initialization Product production ( m 

3 ) Profit 

scheme 1 2 3 ($) 

Continuous-time (NMPC) 1778 2820 816 3863 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 10 

Profit results: GEKKO. 

Initialization Case 1 Case 2 Case 3 Case 4 

scheme profit profit profit profit 

None 3598 3835 2942 3575 

Continuous-time 3618 3975 3488 3995 
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considering time-dependent parameters as demonstrated in this

work. 

CPU time requirements for convergent continuous-time initial-

ized problems decrease by over 50% compared to case 1. This

demonstrates the extra effort required by the optimization algo-

rithms to find an optimal solution while meeting the restrictive,

fixed cooling constraint in case 1. 

Case 3: Static cooling constraint, diurnal pricing function 

Case 3 largely follows case 1, except that production rates de-

crease when energy prices peak. Energy costs too much during

these times, so the optimization minimizes production rate ( q ) to

the lower bound of 100 m 

3 / h . Also, transitions between products

occur at slightly different times to compensate for different pro-

duction rates and to transition during times of cheaper energy. 

The profit in this case for the continuous-time initialized prob-

lems decreased slightly (~3%) from case 1 due to high energy

prices, since this case considers realistic dynamic pricing. Again,

time-dependent parameters are shown to be worth considering. 

Effective continuous-time scheduling initialization once again

guides the discrete-time problem to find the optimal solution,
Table 9 

Computational requirements: GEKKO. 

Initialization Case 1 Cas

scheme CPU time (s) CPU

None 193 187

Continuous-time (linear) 137 111

Continuous-time (NMPC) 129 103
hereas the non-initialized problem ends at a local minimum, pro-

ucing a large amount of each product but creating a sub-optimal

chedule with more transitions than necessary. CPU time require-

ents for initialized problems increase by approximately 40% com-

ared to Case 1, demonstrating the extra effort exerted by the opti-

ization algorithm to find the optimal solution with dynamic pric-

ng parameters. 

ase 4: Diurnal pricing and cooling constraint functions 

Case 4 implements the positive effects of case 2 as well as the

eak energy prices of case 3 – the transitions occur at different

laces, production rate of product 2 is maximized and production

t peak energy prices is decreased ( Figs. 14 and 15 ). Transitions oc-

ur more quickly during periods of higher maximum cooling. The

verall profit increases by approximately 10% over the base case

Case 1) for the convergent initialized problem, but is still lower

han Case 2 due to the effects of peak energy prices ( Table 8 ). The

PU requirement of the convergent initialized problem are similar

o that of Case 2, but lower than those of Cases 1 and 3 ( Table 7 ).

his demonstrates the additional effort required by the optimiza-

ion algorithm to find an optimal solution with a restrictive, fixed

onstraint versus a dynamic constraint. The benefits of continuous-

ime scheduling initialization are again reiterated by the orders

f magnitude reduced in computational time required and by the

uidance to the optimal solution rather than a local minimum. As

n Case 2, the continuous-time scheduling initialization with NMPC

stimations converges whereas the linearized initialization fails to

onverge. 
e 2 Case 3 Case 4 

 time (s) CPU time (s) CPU time (s) 

 278 362 

 191 152 

 187 155 
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Table 11 

Closed-loop time summary. 

Time horizon (h) Control move Total solver time (h) Solutions Average solution time (s) 

24 5 min 8.39 288 105 

Table 12 

Initialization comparison. 

Initialization Profit ($) Profit ($) CPU time (s) CPU time (s) 

scheme Pyomo GEKKO Pyomo GEKKO 

None NA 3487 > 10, 0 0 0 255 

Continuous-time (linear) 3469 3769 586 (2 converged) 148 

Continuous-time (NMPC) 3724 3769 897 (4 converged) 144 
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Table 13 

Case comparison. 

Case Profit ($) Energy pricing Cooling constraint 

1 3541 Static Static 

2 4010 Static Dynamic 

3 3482 Dynamic Static 

4 3863 Dynamic Dynamic 
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.1. GEKKO solutions 

As previously mentioned, Pyomo is designed for flexibility

ather than speed. This section reimplements the SC problem in

he GEKKO modeling language, which specializes in robust, quick

olutions to dynamic optimization problems. Pyomo and GEKKO

ave some structural differences, especially in the way each han-

les orthogonal collocation. To replicate the same degrees of free-

om used in Pyomo, GEKKO solutions use 400 finite elements with

o internal nodes. 

All 12 GEKKO solutions converged in under 10,0 0 0 s and all

rofit results are within 4% difference of the converged Pyomo

esults reported. The time results from GEKKO are shown in

able 9 and the profit results are shown in Table 10 . 

For the six cases in which Pyomo did not reach a solution in

nder 10,0 0 0 s, GEKKO reached a solution in an average time of

14 s. In the 6 cases that both Pyomo and GEKKO reached a solu-

ion, Pyomo took an average of 793 s while GEKKO took an average

f 150 s – about 5 times faster. 

Using GEKKO, the uninitialized problems reached local minima

hat were worse than the solutions from initialized cases, confirm-

ng the value of the initialization techniques. Unlike in Pyomo, lin-

ar and nonlinear initializations achieved the same solution but

he nonlinear initialization proved slightly faster on average. 

.2. Closed-loop simulation 

The previous cases demonstrate this method’s ability to provide

 detailed schedule, including considering time-dependent param-

ters such as energy cost and effective cooling constraints. How-

ver, this method is also capable of closed-loop control without

odification because it utilizes a full dynamic process model and

an begin with any initial conditions. In this capacity, this formu-

ation can overcome process disturbances of short-time scales with

conomic consideration of multiple products. 

The previous results used Eq. (9) for flexibility and the best so-

ution. This section uses Eq. (7) and GEKKO for speed in online

ontrol. Under these new conditions, and with the highly detailed

olution of the previous time-step as initialization, each closed-

oop solution at every 5 min interval solved fast enough for real-

ime. A summary of solution times is provided in Table 11 . 

Table 12 shows profit and CPU requirements of each initial-

zation scheme, averaged across all convergent cases, to make an

verall comparison between initialization schemes. Table 13 dis-

lays the profit for continuous-time scheduling initialization with

MPC estimated transition times (the only initialization scheme

onvergent for all cases) to demonstrate the effects of diurnal con-

traints and parameters on combined scheduling and control opti-

ization. 

In summary, time-dependent constraints affect the profit, op-

imal schedule, and optimal control or operation of a chemical
rocess. These considerations can have a significant economic im-

act, with diurnal constraints increasing profits ~13% from the base

ase in this example. It is anticipated that, under the right cir-

umstances, the scheduler may go so far as to switch products

n response to these diurnal cycles, forcing extra transitions that

ould not be possible in current implementations of slot-based

ombined scheduling and control formulations, where the number

f slots frequently equals the number of products. In other cases,

he scheduler may order products differently with time-based con-

traints in consideration. Further, this method is easily applied to

ther time-dependent parameters beyond diurnal cycles, such as

eed stock price predictions. These explorations are the subject of

uture work. 

The discrete-time formulation is shown to be a feasible and ef-

ective method to account for time-dependent parameters and con-

traints in combined scheduling and control. The positive effects

f continuous-time scheduling initialization have been demon-

trated. Convergent continuous-time scheduling initialization de- 

reases computational requirements on average by approximately

5 times. The method for estimating transition times in the

ontinuous-time scheduling initialization is found to be significant

n determining the convergence of the discrete-time SC problem.

MPC estimations are found to be more consistent for initializing

he nonlinear discrete-time formulation and are found to guide the

olution to more optimal solutions. Even with the effective NMPC

nitialization, the full MINLP did not solve successfully in under

0,0 0 0 s using the APOPT or Bonmin solvers. 

. Conclusion 

This work applied a nonlinear discrete-time formulation for

ombined scheduling and control. This method provided a sched-

le of sequential products using the full model dynamics through

he entire horizon. The discrete-time formulation easily allowed

he implementation of time-dependent parameters and constraints.

his work applied time-dependent parameters of diurnal cycles of

nergy price and maximum effective cooling of a CSTR. This opti-

ization improved open-loop scheduling profit prediction by 13%

ver the base scenario. This work implemented a pseudo-binary

pproach to assist gradient-descent solvers in finding the opti-

al solution to an inherently mixed-integer problem. This work

lso leveraged continuous-time scheduling with different methods
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to estimate transition times to calculate an optimal schedule or-

der and schedule timing to initialize the discrete-time problem.

Continuous-time scheduling with nonlinear estimations of transi-

tion times consistently decreased the computational requirements

of the nonlinear discrete-time problem by many orders of magni-

tude. 

This work motivates continued investigation into discrete-time

formulations and time-dependent parameters in considering both

transitions and product manufacturing. In particular, the pseudo-

binary approach should be implemented as part of an interior

point solver. As this method matures, other objectives, such as on-

time delivery should be incorporated in the objective. Addition-

ally, accounting for product inventory, closed-loop implementation,

and accounting for process and market uncertainties should be ad-

dressed in future work as this method matures. 
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Appendix A. Feedback linearization estimation: derivation 

A linear system y = f (x, u ) has the property that f (x, u 0 + u 1 ) =
f (x, u 0 ) + f (x, u 1 ) . This means that the response of the system to

the initial input u 0 can be decoupled from that of the step size

u 1 . Using this formulation, a closed-form solution for the transi-

tion time given a step size can be estimated to avoid preprocessing

time and space. 

According previous research ( Khalil and Grizzle, 1996 ), any sys-

tem of the form 

˙ x = f (x ) + g(x ) u 

y = h (x ) (A.1)

can be feedback linearized. In the present example, this means

(substituting C A = x 1 , T = x 2 , and T c = u in Eqs. (26 ) and (27) ) 

dx 1 
dt 

= 5 − 5 x 1 − 1 . 8 · 10 

10 x 1 e 
−8750 /x 2 

dx 2 
dt 

= 1750 − 5 . 52 x 2 + 3 . 77 · 10 

12 x 1 e 
−8750 /x 2 + 0 . 523 u (A.2)

f (x ) = 

[
5 − 5 x 1 − 1 . 8 · 10 

10 x 1 e 
−8750 /x 2 

1750 − 5 . 52 x 2 + 3 . 77 · 10 

12 x 1 e 
−8750 /x 2 

]
, 

g(x ) = 

[
0 

0 . 523 

]
, h (x ) = x 1 (A.3)

To linearize the output y in terms of an input v that shapes u ,

an input-output representation of the system is found by taking
Fig. A.16. feedback lin
he 1st and then 2nd time derivative of y . 

˙ 
 = 

dh 

dt 
= 

∂h 

∂x 

dx 

dt 

= 

∂h 

∂x 
( f (x ) + g(x ) u ) 

= 

∂h 

∂x 
f (x ) (A.4)

ince ∂h 
∂x 

= [1 0] and g(x ) = [0 0 . 523] T , and therefore ∂h 
∂x 

g(x ) = 0 .

everaging (A.4) , ÿ can now be solved for: 

¨
 = 

d 

dt 
˙ y = 

d 

dt 

∂h 

∂x 
f (x ) 

= 

∂h 

∂x 

df 

dt 
= 

∂h 

∂x 

∂ f 

∂x 

dx 

dt 

= 

∂h 

∂x 

∂ f 

∂x 
( f (x ) + g(x ) u ) 

= L 2 f h (x ) + L g L f h (x ) (A.5)

here L f h (x ) = 

∂h 
∂x 

f (x ) is known as the Lie derivative of h with re-

pect to f , and L 2 
f 
h (x ) = L f L f h (x ) . Solving Eq. (A.5) for u yields: 

 = 

1 

L g L f h (x ) 

(
− L 2 f h (x ) + ÿ 

)
(A.6)

Therefore, letting v = ÿ the system can be structured as in

ig. A.16 , where 

 1 : w = −L 2 f h (x ) 

 2 : u = 

v 
L g L f h (x ) 

(A.7)

Since v = ÿ , the input-output behavior of the closed-loop sys-

em inside the dotted box is the same as a double integrator, and

s thus a linear system. According to Khalil and Grizzle (1996) , the

ew state vector z for this system is given by: 

 = 

[
h (x ) 

L f h (x ) 

]
= 

[
x 1 

5 − 5 x 1 − 1 . 8 · 10 

10 x 1 e 
−8750 /x 2 

]
(A.8)

With 2 poles on the imaginary axis, the linearized system is

arginally stable. In order to compensate for this, a stabilizing

ontroller is needed. One such controller is given by the following

ransfer function 

 3 (s ) = 27 . 193 

50 s + 100 

s + 50 

(A.9)

nd used in feedback with the standard servo architecture shown

n Fig. 7 . Using this configuration, the transition times can be cal-

ulated by simply knowing the difference between the starting and

nd values, or the step size in r . This is a key advantage to lin-

arizing the system in this way. Without a linearized system, a
earized system. 

https://doi.org/10.13039/100000001
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Fig. A.17. Actual transition times compared to the log function approximation. The 

approximation works exceptionally well. 
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arge number of transition times would need to be known a priori

n order to give the scheduler a comprehensive list. A linearized

ystem only needs to know the increase or decrease of the step

esponse to compensate for the transition time, regardless of the

urrent state. 

In order to give the scheduler a complete list of transition

imes, a function approximation with respect to step size is cre-

ted. Fig. A.17 shows such an approximation. The transition time is

etermined through simulation for a set of step sizes and then fit

o a logarithmic function. The result is the following: 

 trans = 0 . 9853 · log (s step ) + 5 . 332 (A.10)

here t trans is the transition time and s step is the step size, or dif-

erence between starting and ending values. Note here that the

ransition time is the time for y to settle to within 0.005 of the

teady state value. 

Thus by linearizing the CSTR system, transition times can be

ound using Eq. (A.10) . These transition times can then be used by

he continuous-time scheduler to create an optimal schedule for

nitialization. 
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